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Chapter O

Introduction

Let G, H, P and K be finite groups. Let Ls denote a chosen system of representatives
for the conjugacy classes of subgroups of G. I.e. for each subgroup U < G, there exists a
unique subgroup V' € L4 such that U is conjugate to V' in G.

For a ring B and a commutative ring R we write Br := R® B.
Z

0.1 Context and aims

Biset functors have been introduced by Bouc in order to strengthen and to conceptually
simplify Mackey functors [2, §1.4]. They are functors on the category Burnside with
values in modules over the chosen ground ring. As objects, the category Burnside has
finite groups. Morphisms between H and G are constructed using (H, GG)-bisets.

Biset functors yield classical Mackey functors when restricted to the non-full subcategory
Burnside® [2, §1.2.5].

The endomorphism rings in the category Burnside are called double Burnside rings. l.e.
for each finite group G, we have the double Burnside ring Bz(G, G) of G.

As a subring, Bz (G, G) contains the endomorphism ring of G as an object of the subcat-
egory Burnside®, written B3 (G, G) and called bifree double Burnside ring of G.

In turn, B (G, G) contains the classical Burnside ring Bz(G) as a subring.

Bz(G) — B% (G, G) — Bz(G,G)

After scalar extension from Z to Q we obtain the semisimple Q-Algebra Bg(G, G), as
shown by Boltje and Danz |1, Theorem 5.5]. The Q-Algebra Bq(G, G), however, is not
semisimple in general.

We shall give an account of the result of Boltje and Danz.

We shall calculate the rings Bg (Ss, S3), Bg (S4,S4) and Bgz(Ss, Ss).

il



0.2 Bisets

An (H,G)-biset X is a finite set X together with a left H-action and a right G-action
that commute with each other, i.e.

(h-z)-g=h-(x-g)=h-z-g
for h € H, g € G and x € X , cf. Definition 14.
Every (H,G)-biset X can be regarded as a left (H x G)-set by setting

(h, g)x := hag™

for (h,g) € H x G and z € X.
Likewise, every left (H x G)-set Y can be regarded as an (H, G)-biset by setting

hey-g:=(hg)y
forhe H, g e G and y € Y, cf. Remark 17.

A morphism of (H, G)-bisets X,Y is the same as a left (H x G)-map. Soamap f: X - Y
is a morphism of (H, G)-bisets if and only if f(h-z-g) =h- f(x)-gforhe H, g € G
and z € X, cf. Definition 18.

The (H, G)-bisets together with the morphisms of (H, G)-bisets form the category of finite
(H, G)-bisets.

Let M be an (H,G)-biset and N be a (G, K)-biset. The group G acts on M x N via
g-(m,n) = (mg™", gn)
for g€ G, m € M and n € N, cf. Remark 29.

We call the set of G-orbits on the cartesian product M x N the tensor product M x N of
G

M and N. Then M x N is an (H, K)-biset, cf. Remark 29.
G
The G-orbit of the element (m,n) € M x N is denoted by mxn € M x N, cf. Definition 30.
¢ G

0.3 The category Burnside

In this setting, we consider the double Burnside group Bz(H, G) which is the Grothendieck
group of the category of finite (H, G)-bisets.

More precisely, the double Burnside group Bz(H, Q) is defined as the factor group of the
free abelian group

Fug:=Z({[M]~: M is a finite (H, G)-biset })
on the set of isomorphism classes [M]~ of finite (H, G)-sets M modulo the subgroup

U = (M UN]~ — [M]~ — [N]~: M, N are finite (H, G)-bisets) < Fy ¢ .



Le. Bz(H,G) := Fuc/Ung, cf. Definition 23. We write [M] := [M]~ + U for M a finite
(H, G)-biset.

The set
{[M]: M is a finite transitive (H, G)-biset}

is a Z-linear basis of Bz(H, G).

In particular, the set {[(H x G)/L] : L € Ly} is a Z-linear basis of Bz(H,G), cf.
Lemma 28.

We have a preadditive category Burnside. Its objects are finite groups. The set of mor-
phisms from H to G is given by Bz(H, G). Composition is defined by
( G ) : Bz(H, G) X Bz<G, K) — Bz(H, K)
(MLIND) = (M x N,

cf. Remark 37, Remark 38.

In case of G = H, the double Burnside group Bz (G, G) is a ring, namely the endomor-
phism ring of G in Burnside, cf. Remark 39. We call Bz(G, G) the double Burnside ring
of G.

Its identity element is given by
idp, .0 = [G] = [(G x G)/AG)],

where A(G) = {(g,9) € G X G : g € G}, cf. Remark 35.

0.4 The bifree double Burnside ring

Let L be a subgroup of H x (G. In particular, L is a subset of H x G, i.e. a relation
between H and G.

We call L a twisted diagonal subgroup if, considered as a relation, it is left unique and
right unique, cf. Definition 47, Definition 48.

We denote by Apyg the set of all twisted diagonal subgroups of H x G.
Every twisted diagonal subgroup of H x G is of the form

AU, o, V) :={(a(v),v) e HxG:veV}<HxG

for U < H and V < @ isomorphic subgroups via a : V' =5 U, cf. Lemma, 49.

We define the bifree double Burnside group Bg(H,G) to be the abelian subgroup of
Bz(H, G) spanned by the basis elements [(H x G)/L| with L € Ayyg N Lyxg, cf. Defi-
nition 64.

Note that idp,¢.q) = [(G x G)/A(G)] € Bz (G, G).
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We obtain a preadditive subcategory Burnside® of Burnside as the composition

( & ):Bz(H,G) x Bz(G,K) — Bz(H, K), ([X],[Y]) — [X é Y]

restricts,

Bz(H,G) XBz(G,K) Bz(H,K)
(y=( PR JA
)= A «BA(G,
B2(H,G) x B&(G, K) — & & Paerre©n B2 (M, K) |

cf. Remark 65, Remark 66.

As a consequence, in case of G = H, the bifree double Burnside group Bz (G,G) is
a subring of the double Burnside ring Bz(G, G). We call BZ (G, G) the bifree double
Burnside ring of G.

0.5 The classical Burnside ring inside the bifree double
Burnside ring

We can embed the Burnside ring Bz(G) in the bifree double Burnside ring via the injective
ring morphism

§:Bz(G) — BZ(G,G)
[G/U] — [Gx(G/U)] =[G xG)/AU,id, U)],

cf. Lemma 73, Lemma 71.

The ring morphism ¢ is an isomorphism if and only if every twisted diagonal subgroup of
G x G is conjugate to a twisted diagonal subgroup of the form

A(W,id, W) for some W < G
as BZ (G, G) has the Z-linear basis

{[(G X G)/L] L e AG’XG N »CGXG} .

This is rarely the case. For instance, it holds if G = S3, cf. Example 75.

0.6 The Wedderburn embedding of Boltje and Danz

Let 7 denote a set of representatives of isomorphism classes of finite groups. We denote
by Tg a set of representatives of isomorphism classes of subgroups of GG, cf. Notation 96.

For T € T let Inj(T,G) denote the set of injective group morphisms from T to G, cf.
Definition 99.
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Let A := M) for A € Inj(T, G). Note that A is an isomorphism.
The set Inj(7, G) is a (G, Aut(T))-biset via
I-)\-w::/{go)\ow
for x € G, A € Inj(T,G) and w € Aut(T), cf. Remark 100. Here k¢ is left-conjugation

with z in G.

Let Inj(T,G) be the set of G-orbits of Inj(T,G). We denote by [\] the G-orbit of an
element A € Inj(T, G), cf. Definition 101. So,

Inj(T,G) = {[\: A€ nj(T,G)} .

Moreover, Inj(T, G) is a right Out(7)-set, cf. Remark 102.
Consequently, ZInj(T, G) is a right Z Out(T")-module.
Boltje and Danz (|1, Theorem 5.5|) have obtained the injective ring morphism

0Gq BZ(G,G) — I Endzouwmr(ZInj(T, G))

TET

| Fix oty (X))
R (DS e
[Aenj(T,G) | G( ( )‘ TeT

with Q ® 05 & an isomorphism.
Z ’

More precisely, the image of aé}G has finite index of order

[NGXg(A<U, a, V)) . A(U, a, V)]
[l | Ce(U)] '

AU V)ELE &

In particular, the ring BS(G, G) = Q ® BZ (G, G) is semisimple.
z

We give an account of this result, cf. Section 2.3, Theorem 108. We proceed as follows.
Let
16 ={UaV): UV <GU+«V}.

We denote by A2 (G, Q) = Z[C%,G the free abelian group with Z-linear basis [éG. We
define the ghost ring Bé(G, G) of BZ (G, G) by
A .
BZ (G, G) = FIXGxg(A%(G, G)) 3
cf. Definition 83, Lemma 93(4).

We have an injective ring morphism, called mark homomorphism, mapping

md,BR(G,G) — BL(G,G) | |
Fixaw,a,v)(X)
[X] — >
U, V)EIG o |CG( )|

(U7 a? V) )
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cf. Lemma 94.
Given T € Tg, we let
Bor = {UaV)elge:U=T=V)
Azr(G.G) = ZIggr
B5(G.G) = Fixgua(A30(G,C)) .

cf. Definition 97, Lemma 98. So, mg g : B2 (G,G) — Bé(G, G)= ] BQ’T(G, G).

TeTa

Finally, we obtain the ring isomorphisms

~

reXer BZT (G,G) = Endzouwmr (ZInj(T,G))

a= Y auan(UaV) — ( <A<T>,Aow,u(T>)[A]> :
)\]EInJ T,G)

(U,a,V)GIé’G T

yielding the ring isomorphism

~ A ~A ~ —
TéG = H TéGyT :BZ (G, G) = H By (G, G) — H Endz oue(r) (ZInj(T, G)) ,

TeT TeT TeT
cf. Lemma 107. Now, let

A ._ A A
g = Ta,c°Mga -

So the following diagram commutes.
Bz(G,G)
mé,G O'é,(;

A A
UeNeln HTTG,G,T

A ~ A Te Y
Bz (G,G) = [] Bz+(G,G) [I Endzouwr) (ZInj(T, G)) .

TeT TeT

0.6.1 The bifree double Burnside ring BZ(Ss, S3)

In case of G = S3 we already know that BZ(Ss,Ss) = Bz(Ss), cf. Example 75.

The injective ring morphism

A . .
B2(Ss,85) = [ Endzowen(ZInj(T,G)) “EY Zx ZxZ < Z

TeTs,

yields the description

B%(Sg,Sg) = {21, 20, 73,34) EL XL XL XL : 31 =5 19, T3 =9 Ty, T

cf. Example 109.

=3 5703}
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0.6.2 The bifree double Burnside ring B5(S,, S4)

Let G == S4.
We may replace T by
7§4 = {17 Caq, Cs, Cy, Cy x Cy, Sz, Dg, Ay, 84}

in Theorem 108(5), cf. Notation 96.
We may identify

Endz ous(1)(ZInj(1, Sy)) = Endz(ZInj(1,S,) = Z,
Endzout(cy)(ZInj(S4,S4)) = Endz(ZInj(S4,Ss)) = Z*?,
Endzou(cs) (ZInj(Cs,S4)) = Endz(ZInj(1,S4)) = Z,
Endz out(cy)(ZInj(Cy,S4)) = Endz(ZInj(Cy,S)) = Z,
Endzout(ss) (ZInj(Ss,S4)) = Endz(ZInj(S3,S4) = Z,
Endzou(a,)(ZInj(A4,S1)) = Endz(ZInj(A4,S4) = Z,
Endzousy)(ZInj(S4,S1)) = Endz(ZInj(S4,S4)) = Z,

ct. Corollary 120.
Moreover, we have an isomorphism
Endz ouns) (ZInj(Ds, S4)) = {(a,b) EZxZ:a=b} CZXZ,
cf. Lemma 121.
Furthermore, we have an isomorphism
Endz ou(cs x 02) (ZInj(C2 x C2,84)) = {(a, (§¢)) a,b,e.de €Z, ¢ =30, a=3 e} CZ x Z¥?,
cf. Lemma 122.
Let 2 =ZXZP?2XZLXLXLXLP?2XL XL XL XL xTE.

Thus, we may give a description of the image of the composite embedding

A
US4,S4

B2 (S4,S4) [1 Endzouwr)(Znj(T, G))

TeTs,

~A
954,84 l

Let z := (1, (if%) J1,1,1, (é?) ,1,1,1,1,1) € Z. To decrease the complexity of the con-
gruences, we consider the altered ring morphism o’ given by

o'(b) =65 g, (b) -z

for b € B2 (S4, S4)-
The element x was found using the computer algebra system Magma [6].

So letting



(a,(gg),f,g,h,(,%),m,n,r,p,q)EE:e—a =5 25 =4 0

e—g =1 J
n—r =4 2k
c =4 0
d =5 0

n = | = e =9 1
A= h = b
b =2 4q
m =5 f
a =3 f
p =3 1
h =3 I
J =3 0

we obtain the

Theorem (cf. Theorem 126). We have a ring isomorphism

B2(S4,8:) > ACE.

More symbolically written, we may describe A as follows. The letters to the right are the
key to this picture.

/ Z \ h
@ 1Z \\\ m
1 @ \
[z (4) z \ booc f
2 _z ® @

/N H®
\&H
N - IN
H}BD)/_.
N3
i
3
el ~
o~ o

@ @2 @ P

71‘ 1

Z Z r q
Herein ZLﬁs%“Z x zmeanst-x+u-y+v-2z=,0, etc.
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0.6.2.1 The bifree double Burnside rings B7, (S, S4) and By, (Ss,S4)

Let R := Z). By localization at (2), we obtain

( (0, (59) f,9.h (£4) ymyn,r,pq) €Sy ie—a =5 2§ =4 0 ]
e—g =1 ]
n—r =, 2k
c =4 0
Ay = d = 0 :
n = | = e =5 i
h = b
P =2 g
\ m = f Y,

cf. Corollary 128.

More symbolically written, we may describe A(y) as follows. The letters to the right are
the key to this picture.

R (4) A .
(2) R\ d e
! R;@/R g a
@ 1 R\l (2) i j
1 @\1
R R R By ,
A
|
R T
R—@——R m f
R——@"' R P q

Moreover, we write B%@) (S4,S4) as path algebra modulo relations, cf. Proposition 130.



xii
We have isomorphisms of R-algebras

71

~ ~ sarN
B%(Q)(S4,S4) —>A(2) — R [w Ceg} /I' x R [l/z CGQ} /1" X R | A 661@6@72 /1"

8

where I' = (12 — 214) ,I" = (V2 — 21) and [ =
1 2

Y22 — 202, V802, Mo, Y271 — V172,
V2 = 37172 + 4y — asay, V3 — 27, M8, Y278
a1 — 20y, YN — 298 T8 % — 275 8725
MYV — 271 + Y172, 171 a1z — 200, 717271 — 67172 — 20001 + 872,
1758, prar — 2aq, arag — 401, Bt — 261

As a consequence, we obtain isomorphisms of Fay-algebras

71

— — VTR —
A ~ ~ /\ ~
BFQ(S4,S4))— A/QA—FQ [V1Ce3]/]’><F2 [l’2l\762]/1”XF2 51\761@8§W2 /I”/
8
where I’ = (y12) I = (1/22) and
Y202, 82, Y102, Y271 — Y172,
- V2 — e — avan, 3, MYz, Y278,
I = asf, Ys1vs +3, 78, Y872 ,
Y1871 + Y172, 171 172, Y1Y2715
178, Bro, a0z, Iehy

cf. Corollary 131.

0.6.2.2 The bifree double Burnside rings B%(g)(&;, S4) and B§3(S4, S4)

Write R := Z3). By localization at (3), we obtain

(a’v (32) 7fvgvha (zijz) amﬂlﬂ“,p,q) € E(g) a4 =3 f
p =3 1

A = ’
3) o
Jj =3 0

cf. Corollary 132.

More symbolically written, we may describe A(s) as follows. The letters to the right are
the key to this picture.
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3
Ve
R (3) 7 J
R R k l
N
®——R h
Ri@liR a !
R R R R R g m n r q
R R b c
R R d e

Moreover, we write B%(z%) (S4,S4) as path algebra modulo relations, cf. Proposition 134.

We have isomorphisms of R-algebras

~_
~ R [51 Cel } « Ba

B2 (S4,S4) S Ay S XR>*2xRxRxRxRxR.
Z(S)( +54) ® (51 —3p41) (azBas — 3avg, Bacvs s — 3P4)

As a consequence, we obtain isomorphisms of Fs-algebras

F3 €5 ~— €6
A N

XF§X2XF3XF3XF3XF3XF3,

ct. Corollary 135.

0.7 The double Burnside ring Bz(Ss3, S3)

0.7.1 Bq(Ss, Ss)

The double Burnside ring Bq(S3,S;) = Q ® Bz(Ss,S3) is not semisimple, thus not iso-
Z

morphic to a direct product of matrix rings over Q.



X1iv

As a substitute, we construct a Peirce composition, i.e. a tuple of Q-vector spaces
(A;j)ijen, and a tuple of Q-bilinear maps (o jx : Aij X Ajr — Aik)ijken, such that
the following conditions hold.

(1) We have

&i,k,l(ai,j,k(ai,ja a}’k), a/k/J) = Oéi,j,l(ai,j, Olj,k,l(a},k," ak,l))

for i,j,k,l € [I,r] and a;; € A;j, ajy, € Ajy, ay, € Agy -
(2) For j € [1,r] there exists e; € A; ; fulfilling

k(€ ajr) = ajk

and ai,j,j(ai,j, €j) = ai,j

for i,k e [1,7], a;; € Aij, ajr € Aji .

Letting multiplication be defined by a;; - @}, = a”k( yajy) for i,5,k € [1,r] and
aij € Aij, aj) € Ajx, this defines a Q-algebra A : @ A; j, cf. Definition 152,
Lemma 156. i €[Lr]

Alternatively, a Peirce composition ((A; ;)i e, (k)i jken,]) can be regarded as a Q-
linear preadditive category X with objects [1, 7], morphisms x(i,7) = A;; for 4,5 € [1,r]
and composition given by the maps «; ;1 , cf. Remark 153.

We shall construct this Peirce composition in such a way that € A;; is isomorphic to
Bq(Ss,Ss) as Q-algebras. i,j€[1,7]

Write Q[7, €] := Qln, €]/ (%, n€, €).
We define the tuple of Q-vector spaces

(A, Ao, Az, A, (Q*>*, 0, 0, Q¥
Ag1,  Agp, Az, Aa, 0, Q, 0, Q,
Asy,  Ass, Ass, Asa, 0, 0, Q, 0,

Ay, Asg, Auz, Asg) Q>*, Q, o0, Q[7,¢€)) -

The multiplication maps are given by

Ai,j X Aj,k al—]k> Ai,k
(u,v) +— 0 if (i,7), (4, k) or (i, k) is contained in
{(1,2),(1,3),(2,1),(2,3),(3,1),(3,2),(3,4), (4,3)} ,



A1,1 X A1,1
(X,Y)

(a+ b7 + ¢, v)

a1,1,1

Q2,22

®2,4,2

Q41,4

Q44,1

cf. Section 4.3.2.

A1,1 X A1,4

(a+ b7 + ¢, v)

We obtain an isomorphism of Q-algebras

cf. Proposition 140.

Q1,14

— A4
= Xu,

Q224

— Aay
= uY

as 3.3

— Az
= uY
Q4,22

—= A4
= uY
Qq.4.2

— Ay
= oav,

A: @ Azgl)BQ)

i,5€[1,4]

~

A1,4 X A4,4
(u, a + bij + c€)

A2,4 X A4,4
(u,a+ b + cg)

A4,1 X A1,1
(v, X)

A4,2 X A2,4

(u, )

a1,4,4

2,44

4,11

4,24

4,4,4

XV

Ajy

ua ,

Elements of A are written as (4 x 4)-block matrices with block entries in the respective
summands.

0.7.1.1 Bq(S;3,S3) as path algebra modulo relations

The Q-algebra Bq(Ss,Ss) is Morita equivalent to the path algebra modulo relations

€3

(o K
T T

€2

€

N~
0

4
~_ 7
p

where [ := (7p, 09, 10, op), cf. Proposition 141.

0.7.2 The image of Bz(S3,S;3)

Let

Y

Y

9

’

Azq13 » Azia
Az,z,s . Azoy
AZ,3,3 , Az
Azas » Azaa

€1

/1

o N O O
o
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Define the subring

A= @ Azi;CA.

i,5€[1,4]

Then A = (Az)Q.

The subring Az is a Z-order, but not a maximal Z-order in A. Moreover, it is not
contained in a maximal Z-order in A, cf. Remark 143. Nonetheless, we may use it to
describe an isomorphic copy of Bz(Ss, S3).

We give a description of the image of Bz(S3,S3) in Az via congruences of tuple entries.
Therefor, we firstly construct the element

[0 —2 ololo|o]

6 6 —4|0/[00
oo |00 tjojojol

0 0 o0|1]0]0

0 0 olol1]0

0 0 o0|o0|o|1

to ensure that the image of the map Bgz(Ss,Ss) — A, y + z7" -y} (y) -z lies in Agz.
Afterwards, we conjugate with the elements

(1 0 ofo]o]o] (1 0 ofo]olo]
01 0[0/0|0 01 0[0/0]|0
by |07 Lofo o oo fofofr)
00 0[1]0]0 00 0[1]0]0
00 0[0|1]0 00 0[0|1]0
00 0[0|0]|1 00 6/0|0]|1

in order to simplify the system of congruences describing the image of Bz(S3,S3), cf.
Section 4.4.1.

Write x := 21 - 29 - x3. We consider the altered ring morphism

1

0:Bz = Az, y—a~ -vfl(y)'x

conjugation with x

Bq(Ss, S3) — A

~ ~

] j

Bz(Ss, Ss) g Ay .
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Restricting 6 to 6/™® this yields an isomorphism of rings

s11 S12 s13(0] 0 31
S9.1 S22 23010 to
531 S32 S33|/0(0 l3
: ’ : € Ay 2w — 221 =g 29 =4 23=40
0 0 0]ulo v z 1_802 1
0 0 o0]olw 0 1=
— = Z‘QE4O
| x1 w2 x3|y| 0|21+ 227 + 238
ZE3E4O
yEQO
Bz(Sg, 83) 5 A = t1=20
tQEQO
t3520
?}EQO
{131530
J}QEgO
ZL’3530
2’2530

cf. Proposition 142.

More symbolically written, we have

0 0 0 Z 0 (2
T
0 0 0 0 Z 0 2

(12) (12) (12) (2) O Z +(12)7  +(4)¢
Herein

a @b
T

means t-a+u-c+v-b=40.




xviil
0.7.2.1 The double Burnside rings Bz, (S3,S3) and B, (Ss, S3)

Let R := Z). By localization at (2), we obtain

- - 3\
s11 sS12 s13(0] 0 t
S9.1 S22 S23(010 to
s31 832 s33(0] 0 i3 o
0 0 olulo y EAZ(Q) .21,0—221:8,;2:423:40
t1=
0 0 0[0w 0 tl — X
Agy=¢ L 21 T2 T3]y 0 21 + 227 + 23€ | L‘z ;z 0
V=9 0
1 =4 0
To =4 0
T3 =4 0
\ Y =2 0

In particular, we have Bz<2)(83, S3) = A(9) as R-algebras, cf. Corollary 144.

More symbolically written, we have

R R R 0 0 (2
R R R 0 0 (2
R R R 0 0 (2

o 0 0 R 0 (2
2
/-___\
OOOORO%
1
0 R +@)7 +(4)¢

We deduce that Bz, (S3,S3) is Morita equivalent to the path algebra modulo relations

T4

7o /\

/’—\ v

R €3 €5 37:7 €4 /I ,
\_/ \ A

71
73
where
ToTi ; ToT3 : ToT7 — 2T
I:= T4T1 ) T4T3 ) TyTr — 2Ty )
TeT1 — 2Ty, T773 — 273 %72 — 2Ty — T Ta

cf. Proposition 146.
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As a consequence, By, (S3,S3) is Morita equivalent to

/T_Q\ %/\ ToT1 , T2T3 ToTy
F, €3 €5 Dﬁ & | /| Am , AT, T ;
S A ~ =~ -~ ~9 o~ =~
1 T o, T7T3 , T7 — T1T2

cf. Corollary 147.

0.7.2.2 The double Burnside rings Bz, (S;,S3) and Br,(Ss, S3)

Let R := Z). By localization at (3), we obtain

( - A
s11 S12 s131010 131
S9.1 S22 823|010 to
831 S32 S33(0/|0 l3
o : : : €A c 11 =30
A) = 0 0 0|u]o v Z® 1_%
0 0 0]/0lw 0 T2=3
— = r3=30
| 21 @ 3| y| 0|21+ 20 + 238 | =0
2 =30 |

In particular, we have Bz, (S3,S3) & A(3) as R-algebras, cf. Corollary 148.

More symbolically written, we have

© © I I X
© © X X X
© © X X X
© I o o o
N o o o o
© X I I X

—~
w
~—
—~
w
~—
—
w
~
o

R+ (3)7+ RE

where [ := (7473, ToT1, TaT1, T273), cf. Proposition 150.
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As a consequence, Bp,(Ss, S3) is Morita equivalent to

T2 T4
€3 €6 €4
¥\/ \/
) E

Fs | ¢ [(TaTs, ToT1, TaT1, ToT3) ,

cf. Corollary 151.
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0.9 Conventions

Let R be a commutative ring. Let B be a ring. Let H,G be finite groups. Let V' be a
subgroup of G.

e Morphisms will be written on the left, i.e (i>i>) = (bo—a>)

e Given elements 7, j of some set I, we let 9, ; =1if i = j and §; ; = 0 if 7 # j.
e For a,b € Z we denote by [a,b] := {2z € Z : a < z < b} the integral interval.

e Write B = R® B.
Z

e Write R* := R\ {0}.

e We denote by U(R) := {r € R : there exists s € R such that rs = 1z} the group
of units of R.

e Suppose x,y,z € R. We write x =, y if there exists a € R such that z — y = az.
e Given n,m > 1, we denote by R"*™ the R-module of n X m matrices over R.

e The standard R-linear basis (ei,j)ie[l,n],je[l,m] of R™™ consists of the n X m matrices
with entry 1 at position (i,j) and entry 0 elsewhere. In case of m = 1 we write
e;1 =: ¢; and (;)ie[,n is an R-linear basis of R™*!.

e Let n € N and m, € N for r € [1,n]. The standard R-linear basis of € R™ ™"
re[l,n]
is given by (€; )i je1,m.],re[1,n], Where €; j,» is the tuple of matrices whose matrix at
position 7 has the entry 1 at position (7, j), and whose other matrix entries are 0.



xx1

Let X be a set. We denote by Sx the symmetric group on X, consisting of the
bijections from X to X. Multiplication is given by (o) and 1g, =idx. For n > 1
then we abbreviate S, := Sy .

Let M be a finite G-set. Consider the ZG permutation module ZM . In particular,
ZM is a G-set and we may consider

Fixg(ZM) := {Z 2 Z Zm g = Z Zmm} .

meM meM meM

Given a set X consisting of elements x4, ..., x, , we often identify
Endz(ZX)=27""",

where a Z-linear endomorphism is identified with its representing matrix with re-
spect to the Z-linear basis (x1,...,z,) of X.

A category X is called preadditive if the following conditions hold.

(1) For A, B € ObX the set x(A, B) carries the structure of an abelian group,
written additively.

(2) For A,B,C,D € ObX and f € x(C,D), g,4 € x(B,C) and h € (A, B) we
have fo(g+¢g)oh=fogoh+ fog oh.

Let I be a set and let X; be an abelian group for « € I. We have the exterior disjoint
union
|| Xi={(zi):iel zeX;}.
iel
Let I be a set and let X; be a set for ¢ € I. We denote by m; the projection
@Xz — Xj, (Ii)iel —> Z; fOl"j el.
iel
We denote by ¢y the embedding V — G, v — v.
We denote by [G : V] :=|G/V| the index of V in G.
For g,z € G we write 9z :=¢g-z-¢g ' and 9V := {9v : v € V}. Moreover, we write

29 =gl x-gand V9 :={v9:v eV}

Let U :=YV for some y € G. We have the isomorphism

/iyU’V:V—>U,v|—>yv.

In case of U =V we set &,
We write Inng (V) := {x; : g € Ng(V)}.
We often write Inn(G) := Inng(G), cf. Notation 43.

— VvV
—K,y .

We denote by Aut(G) the automorphism group of G.
We denote by Out(G) := Aut(G)/ Inn(G) the outer automorphism group of G.
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e Let U < H and V < G be such that U = V. We write Isom(U, V) := {U Ly

~

f is an isomorphism of groups }, cf. Remark 45.

e Let L denote a chosen system of representatives for the conjugacy classes of sub-
groups of GG. Le. for each subgroup U < (G, there exists a unique subgroup W € Lg
such that U is conjugate in G to W.

e Let Ay denote the set of twisted diagonal subgroups of H x GG, cf. Definition 48.
Let ‘C%XG = EHXG N AHXG"

o We often write R[77,&] := R[n,&]/(n*,n€,&?), where 77 := n + (%, 7¢,€%) and € :=
E+ (0%, n&, €2). We have the R-linear standard basis (1,7, ) of R[7, £].

e Let R be an integral domain and p € R a prime element. Then we denote by R,
the localization at (p), that is, Ry :={%:r € R, s€ R\ (p)} C frac(R).

e By an R-order, we understand a finitely generated free R-algebra.

e Suppose given r € Z>q. Suppose given R-modules A, ; for 4,5 € [1,7].
Let A:= @ Aij. We write

1,j€[1,r]
A171 Al’g e Al,r
A= @ g |
ije[lr] . . e .
Ar,l Ar,2 s Ar,r

Accordingly, elements of A are written as matrices with entries in the respective
summands.



Chapter 1

The double Burnside ring

Let K, H,G, P,(Q be finite groups.

Let L denote a chosen system of representatives for the conjugacy classes of subgroups

of G.

L.e. for each subgroup U < G, there exists a unique subgroup V' € L such that U

is conjugate in G to V.

For a ring B and a commutative ring R we write B := R ® B.
Z

1.1

Preliminaries on (G-sets

Definition 1.

(1)

A left G-set is a pair (X, s) consisting of a set X and a group morphism s : G — Sy,
called the action of G on X. We write s(g)(z) :=g-x =gx forge G, z € X.

A morphism of left G-sets X,Y or a left G-map is a map f : X — Y such that
flg-x)=g- f(x), for g€ G and x € X.

An isomorphism of left G-sets is a bijective left G-map.
A right G-set is a pair (X,s) consisting of a set X and a group morphism

s : G — Sy, called the action of G on X. We write s(g)(z) := z - g = xg for
geG rzeX.

A morphism of right G-sets X,Y or a right G-map is a map f : X — Y such that
flz-g)=f(z) g, for g€ Gand z € X.

An isomorphism of right G-sets is a bijective right G-map.

Remark 2. To construct a left G-set structure on a set X, it is also possible to equip X
with a map G x X — X, (g,2) — g-x = gx such that (1,2) hold.

(1)
(2)

We have g-(h-x)=(g-h)-x for g,h € G and v € X.

We have 1 -x = x for x € X.



Similarly, one can construct a right G-set structure on a set X by establishing a map
X xG— X, (z,9) > x-g=xg such that (1',2') hold.
(1) We havex-(g-h)=(x-g)-h forg,h € G and x € X.

(2") We have x - 1g =z forxz € X.

Proof. We consider the case of a left G-set.

If (X, s) is a left G-set in sense of Definition 1, we obtain a map

GxX = X
(9,7) = g-x:=s(g)(x) .

Then

and
lg-z=s(lg)(zx) =idxx =2 .

Conversely, suppose given a map G x X — X, (g,z) — ¢ - x fullfiling (1,2). Then define

s:G—=Sx byg—X—=>X, z—g-x.

This is a welldefined map as the maps (z — ¢-x) and (x — ¢~ ! - ) are mutually inverse.
Infact, g- (¢t 2)=(g-9g ) x=1lg-x=xand gt - (g-2)=(¢g ' 9) - 2=1g-2 =1

Moreover, it is a group morphism as for g, h € G, we have

(s(g) o s(h))(x) =g (h-x) = (gh) - x = s(gh)(x)
for x € X, thus s(g) o s(h) = s(gh). O

Remark 3. Suppose given a set I and left G-sets X; fori € I. Then | | X; is a left G-set
i iel

g - (xi,4) == (g - wi,9)
foriel, x; € X; and g € G.

Proof. We have
]-G . (JIZ,Z) = (10 . ZL’I,Z) = (ZEZ,Z)
foriel, x; € X;.

Moreover, we have
g (h-(23,0)) =g (h-20) = (g (h-2),4) = ((g-h) 23,8) = (g~ h) - (24,7)

foriel, x; € X;and g, h € G.
So, by Remark 2, | | X; is a left G-set. ]

icl



Definition 4. Suppose given a left G-set X. We call a subset X’ C X sub-G-set if for
' € X" and g € G we have gz’ € X'.

Definition 5. Let V' be a subgroup of G and X be a left G-set.
(1) We denote by
Fixpy(X) ={r e X:vx=xforveV}

the set of fized points of X under the action of V. We often call x € Fixy(X) a
V-fixed point.

(2) We denote by
Staby (z) :={v € V : vz =z}

the stabilizer of x € X under the action of V.

Remark 6. Let V' be a subgroup of G. We consider the left G-set G/V. For gV € G/V,

we have
Staba(gV) ={G € G :ggV =gV} ={3€G:9'ggcV}=gVg".
Lemma 7. Let V < G, g € G and X be a left G-set. Then

Fixey (X) = g Fixy (X) .

Proof. We have x € Fixey(X) if and only if 9v -2 = z for v € V, i.e. if vg™'z = g~ 1x for
v eV, ie if g7lr € Fixy(X), i.e. if z € g Fixy (X). O

Lemma 8. Let U, V be subgroups of G.

The left G-sets G/U and G|V are isomorphic if and only if there exists x € G such that
U="V.

Proof. We have the bijection

(G/UL G/V : fisaleft Gemap) < {gV € G/V :U < CelgV)}

fo= fQU)
(hU — hgV) <« gV

and

{gV e G/V :U<Cq(gV)} = {gVeG/V :U<{xeG:xgV =gV}}

= {yVeG/V:U<{zeG:9 zeV}}
= {yVeG/V:U<IV}.

Suppose that U = *V for some x € G. Then it follows that |U| = |V] and that
2V e{gVeG/V . ULSIV}I£D.

So, f:G/U — G/V : hU — hzV is a left G-map.



As G/V is a transitive left G-set, every left G-map f : G/U — G/V is surjective. Because
of |U| = |V| we conclude that f is an isomorphism.

Conversely suppose that f: G/U — G/V is an isomorphism of left G-sets.

Then |U| = |V] and {¢gV € G/V : U <9V} # (). Therefore, there exists x € G such that
U <*V. Because of |U| = |V| it follows that U = V. O

Lemma 9. Let X,Y be isomorphic finite left G-sets and let ¢ : Y =5 X be an isomorphism
of left G-sets. Suppose given . byp(y) € ZX.
yey

The element ) byp(y) is a G-fized point if and only if by, = b, fory €Y and g € G.
yey

Proof. Suppose that ) b,¢(y) is a G-fixed point.

yey
Write > byp(y) =: Y apx, ie. ay = by-1(y).
yey zeX

As > a,x is a G-fixed point, we have for g € G that

zeX
Zax.fc:g-Zaxx:Zam-g-x:Za9_1xx

rzeX zeX zeX zeX
ie. a; = a4 for x € X.

So, for x € X we have by-1(,) = @y = g0 = by1(g0) = bgp-1(z). Thus, for y € Y we have
byy = by .

Conversely, suppose that by, = b, for y € Y and g € G.
Then, > byp(y) = > by-1yp(y) = 3 byplgy) = >- by g-0(y) =g 3> bye(y).
yey yey yey yey

yey

So, > byp(y) is a G-fixed point. O

yey

Definition 10. Let U,V be subgroups of GG. U is subconjugate to V if there exists x € G
such that
WUz CV .

We write U <qg V.

Remark 11. The set Lg together with (<¢) is a partially ordered set.

Proof. Let A, B,C € L.
As Ale = A, the relation (<g) is reflexive.

Suppose that A < B and B < C. Then there exist 2,y € G such that 27 Az C B and
y~'By C C. So, for a € A we have

-1 -1 -1
= C .
y oo Ba:vy (vy) “axy €
c

It follows that A < C. So (<¢) is transitive.



Suppose that A <; B and B <g A. Then there exist 2,y € G such that 27 Az C B and
y~ !By C A. So,
r'Axr C B CyAyt.

As |z7'Az| = |yAy~!|, it follows that x7'Az = B = yAy~!. Since Lg is a set of
representatives of conjugacy classes of subgroups of G, it follows that A = B. So, (<¢)
is antisymmetric. O

Lemma 12. Let U,V < G be subgroups. Then (1,2,3) hold.

(1) We have
Fixy (G/U) = {gUeG/U:VICU} .
(2) We have
if V£ U.
(3) We have

Fixy(G/U) = Ng(U)/U .
Proof. We have

Fixy (G/U) = {gU € G/U : vgU = gU Yv € V'}
= {gUeG/U:glvgeUVveV}
= {gUeG/U:VICU},

which shows (1).
Thus, Fixy (G/U) =0 if V £ U, which shows (2).

Moreover,
Fixg(G/U) = {gU e G/U :U9 CU}
{gU e G/U : U9 =U}
= Na(U)/U,
which shows (3). O

Lemma 13. cf. e.g. (|2, Theorem 2.4.5 |)

Let X andY be finite left G-sets. Then X =Y if and only if for each subgroup V of G,
we have | Fixy (X)| = | Fixy (Y)].

Proof. Suppose given an isomorphism of left G-sets f : X — Y. We have for z € Fixy (X)
that vx = x for v € V and therefore, as f is a left G-map,

f(x) = fluz) = vf(z) .

So, f(z) € Fixy(Y). Hence, | Fixy (Y)| > | Fixy (X)]|. Likewise, | Fixy (V)| < | Fixy (X)].



Conversely, suppose that for each subgroup V of G, we have | Fixy (X)| = | Fixy (Y)|. Let
X = || X be the decomposition into disjoint G-orbits. For U € L set
1€[1,k]
ap(X):=|ie[l,k]: X;=G/U} .
Then, by Lemma 8,

| Fixy (X)| = Y |Fixg(G/U)] - ay(X) .

Uelsg
Likewise,
| Fixp (V)] = Z | Fixy(G/U)| - au(Y) .
Uelag
We have

0 = | Fixy (X)| — | Fixy (V)| = 3 |Fixy (G/U)] - (ap(X) — ap(Y)) .

UeLlyg

Choose a total ordering (<) on Lg containing (<), cf. Definition 10, Remark 11.
We consider the matrix M := (| Fixy (G/U)|)vyer, € QIFeI£al,

The matrix M is upper triangular as for U,V € Lg such that U<gV, we have VﬁGU,
thus V ﬁG U and so

| Fixy (G/U)] =0,
cf. Lemma 12(2). By Lemma 12(3), we get for U € L that

Fix(G/U) = Ne(U)/U .

Thus, the matrix M has nonzero diagonal entries [Ng(U) : U] > 1. So, M € GL£,(Q)
and it follows that ay(X) = ay(Y) for U € Lg. Thus, X 2 Y. O

1.2 Bisets

Definition 14. An (H,G)-biset X is a left H-set and a right G-set such that the action
of H and the action of G commute, i.e.

(h-z)-g=h-(x-g)forhe H ge G,z e X.

Remark 15. To construct an (H,G)-biset structure on a set X, it is also possible to
equip X with a map H x X x G — X, (h,x,g9) — h-x g such that (1,2) hold.

(1) We have 1y -x-1g =z forx € X.

(2) We have h(h-z-g)§ = (hh) -z - (9g) for h,h € H g,je G,z € X.



Proof. Suppose given a map H x X x G — X satisfiying (1,2). Write
hx .= hxlg and xg := 1gxg

forhe Hge G,z e X.

Then X is a left H-set as

lgx = lgzlg==z
= (hh)x

cf. Remark 2.
Similarly, X is a right G-set i.e. x1g = x and (zg)g = x(gg) for z € X and ¢g € G.

Moreover,
(hx)g = 1y(halg)g = (1nh)z(lag) = (hly)z(g9le) = h(lnzg)le = h(zg)
for h,h e H,g,j € G,z € X. H

Example 16. Suppose given subgroups U,V of G. Then the set G is a (U, V')-biset via
left and right multiplication in G.

From now on, we often omit brackets in products of biset elements with group elements.

Remark 17.

(1) Every (H,G)-biset X can be regarded as a left (H x G)-set by setting
(h, g)x = hag™
for (h,g) € Hx G, x € X.
(2) Every left (H x G)-set' Y can be regarded as an (H,G)-biset by setting
hey-g=hyg=(h,g™")y
forhe H geG,yecY.

Proof. Ad (1). We have for (h, g) (h,g) € Hx G, x € X that
(h.9)((h,9) - @) = (h, g)(hxg™") = (hh)x(§"'g™") = (hh, 9g) - = = ((h, g)(h. §))x

and
(g, lg) -z =1gzlt = .

So, by Remark 2, we have that X is a left (H x G)-set.
Ad (2). Suppose given h, heH, g geG. ThenY is an (H,G)-biset as
lgyle = (g, 1g) -y =y

and

he(h-y-g)-G="n((h,g )y)g=(h,g ) (h,g " y) = (hh,(g9) ")y = (hh) -y - (93) -

So, by Remark 15, we have that Y is an (H, G)-biset. a



From now on, we freely identify (H, G)-bisets and left (H x G)-sets using Remark 17.
Definition 18.
(1) A morphism of (H,G)-bisets X, Y or an (H, G)-bimap is defined to be a left (H x G)-
map. l.e. amap f: X — Y is an (H, G)-bimap if
f(heaz-g)=f((h,g~)x) = (h,g ) f(x) =h- f(z) g
forhe H, g€ G and x € X.
An isomorphism of (H,G)-bisets is a bijective (H, G)-bimap.
Given an (H, G)-biset M, we denote its isomorphism class by [M]...

(2) Suppose given an (H,G)-biset X. We call a subset X’ C X sub-biset if it is a left
sub-(H x G)-set, cf. Definition 4.

(3) An (H,G)-biset X is called transitive if it is transitive as a left (H x G)-set.
Remark 19. Let L be a subgroup of H X G. Then (H x G)/L is a transitive (H, G)-biset
for the action defined by

h-(a,b)L-g= (ha,g~'b)L

for (h,g) € H x G, (a,b)L € (H x G)/L, cf. Remark 17.

In particular, any transitive (H, G)-biset is isomorphic to (H x G)/L for some subgroup
L of H x G, cf. Definition 18(3).

Remark 20. Suppose given an (H,G)-biset X. Let X°P := X as sets. We write z°P if
we view the element x € X as an element in X°P.

Then X°P becomes a (G, H)-biset by setting
g-x® -h=(htz.g )P
for x°®? € X°° h € H, and g € G. We call X°P the opposite biset of X.

Proof. We have 1g-2° - 1y = (1g - - 1) = x°P.
Suppose given g, g € G, h, h e H and 2°° € X°P. Then

g-(g-2°P-h)-h = g((h~ -z ")) = (B R~ a7 g ™) = ((hh) ™ -2-(99)~1)P = (9g)-a* (hh) .

So, by Remark 15, we have that X°P is a (G, H)-biset. ]
Remark 21. Let L < H x G be a subgroup and X be an (H, G)-biset.
We obtain

Fix (X)) ={z € X : (h,g)x =z for (h,g9) € L} ={z € X : hx = zg for (h,g) € L} ,
the set of fized points of X under the action of L.
We obtain

Stabp(x) = {(h,g) € L: (h,g)x =z} ={(h,9) € L: hr =xzg} < L,

the stabilizer of x under the action of L, ct. Definition 5.



Definition 22. Let X be an (H, G)-biset. Let x € X.

(1) We denote by
Stabe(z) :={h € H:hx =2} < H

the stabilizer of x under the action of H.

(2) We denote by
Stabt®"(z):={g € G:xg=12} <G

the stabilizer of x under the action of G.

1.3 The category Burnside and its endomorphism rings

1.3.1 Definition of the category Burnside

Definition 23. The double Burnside group Bz(H,G) is defined as the factor group of
the free abelian group

Fuc =Z({[M]~: M is a finite (H, G)-biset})
on the set of isomorphism classes [M]~ of finite (H, G)-bisets M modulo the subgroup
Upe = (M UN]x — [M]~ — [N]~: M,N are finite (H, G)-bisets) < Fy ¢ .

Le. Bz(H,G) := Fuc/Un . We write [M] := [M]~ + U for a finite (H, G)-biset M.
So, [M UN] = [M]+ [N]in Bz(H,G).

The group Bz (H, G) is often called the Grothendieck group of the category of finite
(H, G)-bisets.

Lemma 24. Let X and Y be finite (H,G)-bisets. Let X = U1 X; and Y = U;esY; be
the decompositions into disjoint (H x G)-orbits.

If X 2V, then we have Y [ X;]~ = Y. [Vi]~ in Fug -

iel jed

Proof. Suppose given an isomorphism f : X — Y of (H,G)-bisets. Then Y = U;c; f(X;)
is a decomposition into disjoint (H x G)-orbits as f(X;) is transitive if X; is transitive.
Therefore, there exists a bijection ¢ : I — J such that X; = f(X;) = Y, for i € I. Then

Z[YJ]% = Z[Ya(i)]g = Z[Xi]g .

jed iel el
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Remark 25 (universal property of Bz(H, G)). Let T be an abelian group. Suppose given
a map

f%,g = {[M]x~: M is a finite (H,G)-biset} ENG)
such that we always have f([M U Nlx) = f([M]=) + f([N]~).

Then there exists a unique Z-linear map

Bo(H,G) L T such that f([M]) = f([M])

for each finite (H,G)-biset M.

[M] Bu(H,G) T
[M] Fira

Proof. Uniqueness of f follows by Bz(H,G) = z([M] : M is a finite (H, G)-biset).

To prove existence, note that f induces a Z-linear map f' : Fye — T such that
f'([M]~) = f([M]~) for each finite (H, G)-biset M. Then we always have

S(IMUN]x = [M]= = [N]=) = f([MUN]~) = f([M]=) — f'([N]2)

= f(IMUN]x) = f([M]=) = f([N]=)
= 0.

So, f'(Un,c) = 0. Hence, there exists a Z-linear map f : Bz(H,G) — T such that

A

f&+Unc) = f'(€) for £ € Fue. In particular, we always have

f((M) = f(M]e +Une) = f(M]2) = f([M]2) .

14

Remark 26. Let L be a subgroup of H x G. We have the well-defined map

XO
Foo =4 7
[M]. =  |Fix,(M)[,
cf. Lemma 13. Moreover,
fix) (M UNJ]~) = |Fix,(MUN)|=|Fix;(M) U Fix.(N)|
| Fixp (M)] + | Fixp (N)] = fix) ([M]a) + fix? ([N

So, by Remark 25, there exists a Z-linear map

By(H,G) 25 7
(M) = fixg([M]) = fixp ([M]s) = | Fixp (M) -
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Lemma 27. Let M, N be finite (H,G)-bisets. Then [M] = [N] if and only if M = N.

Proof. Suppose that M = N. Then [M] = [N] as follows by construction in Definition 23.

Conversely, suppose that [M]| = [N]. For L < HxG, we may use the map Bz(H, G) LLIN
from Remark 26 to conclude that

| Fixp, (M)| = fixp ([M]) = fix, ([N]) = | Fix,(N)] .
Therefore, M = N by Lemma 13. O

Lemma 28. The set
{[M]: M is a finite transitive (H, G)-biset}

is a Z-linear basis of Bz(H,G).

In particular, ([(H x G)/L] : L € Luxa) 15 a Z-linear basis of Bz(H,G), cf. Lemma 8,
Lemma 27.

Note that transitive (H, G)-bisets are finite, cf. Remark 19.

Proof. Let Try = {[X]~ : X is a transitive (H, G)-biset } € Fp; . Consider the free
abelian group ZTry ¢ < Fu. By the universal property of ZTry ¢ there exists a Z-
linear map

ZTing 2 Bz(H,G)
(M]s +— [M].

Let
Y ]:1%70 — ZTrpg
Xz = 2[Xi,
where X = U;erX; is the decomposition into disjoint (H x G)-orbits.
By Lemma 24 the map ¢ is well-defined.

Furthermore, we have
p([X UY]~) = o([X]x) + o([Y]~)
for all (H, G)-bisets X, Y.

By the universal property of Bz(H, G), cf. Remark 25, there exists a unique Z-linear map
@ : Bz(H, G) — ZTI'H7G
such that 3([X]) = ¢([X]x) = X[Xilx.

So,
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ZTI"HG <l> Bz(H,G)
(M= 5 [M]
;[Xi]g & [X] .

We have

since M is transitive.

We have
(o@)([X]) = (o) ([Wier Xi)) = ¥(O_[Xil=) = Y o([Xil=) = Y [Xi] = [Uies Xi] = [X].

el icl iel

IR

Hence, ¢ and ¢ are mutually inverse.

In particular, ¢ maps the Z-linear basis {[M]~ : M is a finite transitive (H, G)-biset} of
ZTry ¢ to a Z-linear basis of Bz(H, GG), as claimed in the Lemma. O

Remark 29. Let M be an (H,G)-biset and N be a (G, P)-biset. Then the cartesian
product M x N is a left G-set where the action of G is given by
g-(m,n)=(m-g ', g-n)

for (m,n) € M x N and g € G.

Proof. As M is a right G-set and N is a left G-set it follows for g,¢' € G and m € M,
n € N that
lg-(m,n) = (m-1lg,1g-n)=(m,n)
g-(¢-(mn)) = g-(m-g~" g n)=(m-g g7 99 -n)=(g-¢)- (m,n) .
So, M x N is a left G-set by Remark 2. O

Definition 30. Let M be an (H, G)-biset and N be a (G, P)-biset.

We call the set of G-orbits on the cartesian product M x N, cf. Remark 29, the tensor
product M x N of M and N over G.
a

The G-orbit of the element (m,n) € M x N is denoted by m x n € M x N.
G ¢

Remark 31. Let M be an (H,G)-biset and N be a (G, P)-biset.
Note that mg™* xgn = ménfor (m,n) € MxN and g € G asg-(m,n) = (m-g~',g-n).

The tensor product M x N is an (H, P)-biset via
a
h - p=(h,p! = (h- :
(mxn)-p=(hp~)(m xn):=(h-m)x(np)

form xnée M x N and (h,p) € H x P.
G G
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Proof. Because of g- (h-m,n-p)=(h-m-g~',g-n-p)forge G, m xn & M x N and
G G
(h,p) € H x P we have

(h-m)x (n-p)=(h-m-g=) x(g-n-p),
sothemapHx(MéN) ><P—>MéN7 (h,mén,p)»—> (h-m)é(n-p) is well-defined.
Moreover, we have

1H'(mxn)'1p:(1H'm)é(n'lp):mén

for m xn e M x N and

h(he(mxn)-p)p = h(hanxnp)p = (h(Fm) (np)5) = (hh)m) (n(p5)) = (hh)-(m>xn)-()

forh,iNLGH,p,ﬁEPandmanM><N.
G G
So, using this map M x N becomes an (H, P)-biset, cf. Remark 15.
G

]

Remark 32. We have the surjective map 7 := 7y gy : M XN — M XN, (m,n) — mxn.
G

G
In particular, for finite M, N the set M x N is finite.
a

Lemma 33. Let M be a finite (H,G)-biset, N be a finite (G, P)-biset and L be finite a
(P, Q)-biset. Then there are mutually inverse isomorphisms of (H,Q)-bisets

Mx(NxL) < (MxN)xL
a P ¢ 'rp

0) ¥ ¢
mx(né ) (mén)é

Q

¥
¢ 0.
mx(né) i (mén)é

Q

Proof. We have m x (n x ) =m x (n x {) form x (n x €),m x (nx{) € M x (N x L) if
G P G G P G P G P

b

and only if there exists g € G such that

m=mgand i x =g (nx0)=(g"'n)x(.
j2 j2 P

L.e. if and only if there exists g € GG such that
m =mg
and there exists p € P such that

1

=g 'npand { =p~ 0 .

Likewise, we have (m x n) x £ = (1 x @) x £ for (m xn) x £, (mxn)x{ e (M x N)x L
G P G P G P P G p

Q

-1

if and only if there exist ¢ € G and p € P such that m = mg, i = ¢ 'np and £ = p~ L.
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Thus, ¢ and ¢ are well-defined.
For h € H and ¢ € () we obtain

plh-(mx(nx0)-q) = lhmx(nxL)gq)
= w(hm x (nx £q))
= (hmén)ééq
= h(mxn)x g
= h-((mxmn)xt)-q
= h-p(mx(nx0)-q

So, ¢ is an (H, Q))-bimap.

Moreover, pot) = id and 1o = id hold. Thus, ¢ and ¥ are mutually inverse isomorphisms

of (H,Q)-bisets. ]

Lemma 34. Let M, M, M, be (H,G)-bisets and N, Ny, Ny be (G, P)-bisets.

(1) The set My U My is an (H,G)-biset via h - (m;,i) - g = (h-m; - g,i) fori € {1,2},
m; € M;, h€ H and g € G.

(2) There are mutually inverse isomorphisms of (H, P)-bisets

(M1|_|M2)XN (M1XN)|_|(M2XN>
G G G

T
&

and mutually inverse isomorphisms of (H, P)-bisets

M x (N1|_|N2) (MX N1)|_|(MXN2)
G G

G

m X (n;, 1)

<
AR (m x n;,1)
4

~

m X (ng;,t) <4 (mXng;,i),
where i € {1,2}.

Proof. Ad (1). See Remark 3.
Ad (2). We show that ¢ and ¢ are mutually inverse isomorphisms of (H, P)-bisets
We have

ia‘ X = (m B ) X

(m Z)Gn (M ])Gn

for (m;, i) x n,(m;,j) x 7 € (M U M) x N if and only if ¢ = j and there exists g € G
G G G

such that (m;,1) = (my,1) g = (m;-g,1) and n =g~ - n.



15

Likewise,

for (m; X n,i), (m; X n,j) € (M x N) U (M, X N) if and only if i = j and there exists
g € G such that m; =m;-gand i = g~ - n.

So, ¢ and ¢’ are well-defined maps.

Suppose given h € H and p € P. Then

p(h- ((mi, i) xn)-p) = @((h-m,i)

= h-(m; Xn,i
G

x (n-p)) = ((h-ma)  (n-p),0) = (- (m; X m) )
) p=h-((m,i) xn)-p.
So, ¢ is an (H, P)-bimap.

Moreover, ¢ and ¢ are mutually inverse. ]

Remark 35. For a (G,G)-biset X one has the isomorphisms of (G, G)-bisets

GxX & X
G

gXxx AN qx
G

lg x x & T
G

and

XxG — X
G

rXg — xg
G

rX1lg 1 x
G

Proof. We show that ¢ and v are mutually inverse isomorphisms of (G, G)-bisets.

1 1

For g € G we have g x x = gg X g~ 'z, but also gr = ggg~"x. So, ¢ is well-defined.
G G

Because of

pla-(gxx)-b)=p((ag) X (zb)) = agxb = a-p(g X x) - b
G G G
for a,b € G the map ¢ is a (G, G)-bimap.
Moreover,
(pov)(@) =w(le x2) =2

(¢O@0)(géﬂ:):¢(9x)=1cégx=gérr.

So, ¢ and v are mutually inverse. O]
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Lemma 36. Suppose given isomorphic (H, G)-bisets M and M wvia ©: M= M. Suppose
given isomorphic (G, P)-bisets N and N wvia 1) : N = N.

Then we have the mutually inverse isomorphisms of (H, P)-bisets

G G
mxn = p(m) X (n)
oL m) x P (R) & e

Proof. Suppose given m x n, m’ xn’ € M x N with m x n =m/ x n’. Then there exists
G G G G G

g € G such that m’ = mg and n’ = g~'n. But then
p(m') x d(n') = p(mg) X b(g™'n) = p(m)g x g~ (n) = p(m) x &(n) .
So, the map 7 is well-defined.

Analogously, the map & is well-defined.
Suppose given h € H and p € P. We have

n(h-(m§n)-p) = n((hm)é(np)) = @(hm)
= (hp(m)) x (U(n)p) = h-(p(m)

Hence, 1 is an (H, P)-bimap.

Moreover, no& = id and £on = id hold. So, n and £ are isomorphisms of (H, P)-bisets. [
Remark 37. Let M be an (H,G)-biset and N be a (G, P)-biset. Then M X N is an
(H, P)-biset, cf. Remark 31.

We obtain the bilinear map

( G ) : Bz<H,G) X Bz(G,P) — Bz(H,P)

Proof. By Lemma 27 and Lemma 36, the map ( - ) is well-defined.

G
We claim that it is Z-bilinear. In fact, for (H, G)-bisets My, My and a (G, P)-biset N we

have
([M1]+[M2])G[N] [M1|—|M2](';[N]
[(M;y L Mo) X N]
[(M; X N) U (M, X N)

R.34(2)
= [M1XN]+[M2XN]
G G

Likewise, we have for an (H, G)-biset M and (G, P)-bisets Ny, Ny that

[M] G ([N] + [No]) = [M X N+ [M X Ny .
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Remark 38. We have a preadditive category Burnside. Its objects are finite groups. The
abelian group of morphisms from H to G is given by Bz(H, G). Composition

( G ): Bz(H,G) x Bz(G, P) — Bz(H, P)
is defined in Remark 37. By Lemma 33 the composition is associative. By Remark 35 the
identity element on G is given by idg,c.q) := [G], cf. Example 16.

Remark 39. The double Burnside ring Bz(G,G) is the endomorphism ring of G in
Burnside, cf. Remark 38. Its multiplication is given by

(M) [N] = [M x N

for finite (G, G)-bisets M and N.
The identity element idg, ) is given by [G].

1.3.2 A Mackey formula for composition in Burnside

Notation 40. Let L be a subgroup of H x GG. Let M be a subgroup of K x H.
We denote by

p, : HxG—H, (h,g)—h
p, : KxH—H, (k,h)—h

the canonical projections. In particular,

pi(L) = {h€H:(h,g)€LforsomegeG}<H
po(M) = {he€ H:(kh)e M forsome ke K} < H .

Lemma 41. For subgroups M of K x H and L of H x G we set
M % L :={(k,g) € K x G : there exists h € H such that (k,h) € M and (h,g) € L} .
Then M x L is a subgroup of K x G.

Proof. We have (1x,1g) € M« L as (1g,1y) € M and (1g,1¢) € L.

Let (k,g) € M x L. Then there exists h € H such that (k,h) € M and (h,g) € L.
Because of M < K x H and L < H x G, we have (k™' h=') € M and (h™1,¢g7!) € L.
As h™!' € H it follows (k,g) ™' = (k7',g7') € M x L.

Let (k,g),(k',¢g') € M % L. Then there exist h,h' € H such that (k,h), (k’,h') € M and
(h,g),(W,q") € L.

Because of M < K x H and L < H x G, we have (k,h) - (K',1') = (kk',hh') € M and
(h,g)-(W,q") = (hh',gg9') € L. As hh/ € H, it follows that (kk’, gg') € M x L. O
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Lemma 42. (|2, Lemma 2.3.24|) For subgroups M of K x H and L of H x G we have

(K x H)/M] -5 [(H x G)/L] = 2 (K x G)/(M = DL,

he[pa(M)\H/ py(L)]

where [po(M)\H/ p,(L)] denotes an arbitrarily choosen set of double coset representatives.

Concerning M « "V see Lemma 41. See Remark 19 concerning the bisets involved.

Proof. Set V := (K x H)/M and U := (H x G)/L. Let (K x G)\(V X U) be the set of
(K x G)-orbits of V x U.
Claim. We have the bijection of sets
(K % G\V < U) & py(M)\H/py (L)
(K x G)((k, )M x (W, g)L) = py(M)h~'W py(L)
(K x G) (L, L)M x (h,16)L) &4 py(M)hpy (L) .

Step 1 The map ¢ is well-defined. We consider

(v, u) V xU
véu V;U /(M)\H/M(L)
(K x G)\(v X u) (K x G\(V xU)

We need that the map

oV xU — po(M)\H/p,(L)
((k,h)M, (W ,g)L) — po(M)h~'h py(L)

is well-defined. Suppose given
(k,h)M = (k,h)M, ie. (k"'k,h~'h) € M

and

(W,§)L = (W, g)L, ie. (W R, g'g) e L.
We need to show that
_ ! =~ 4=
P2<M) hh Pl(L) = pz(M) ~hh pl(L>
i.e. that there exist m € M, ¢ € L such that

pa(m) - AR py(£) = ho'h



Choose B ~
m (k~'k,hth)te M
¢ = (W 'W,g'g)el.

Then we obtain py(m) = (h"'h)™", p,(¢) = k’~'h’ and therefore

po(m)h ' py (0) = (W™ Ry (W W) (W) = R

So the map ¢ is well-defined.
We need that the map

o1V xU = po(M)\H/ p,(L)
(k, R)M X (I, g)L po(M)h~" R py (L)

is well-defined. We need to show that

~ | ~

wo(vh,u) = po(v, hu)

for h e H, (v,u) € V x U.
We have, writing v = (k,h)M and u = (h/, g)L for some k € K, h,h' € H, g € G, that

o((vh,u)) = o(((k, )M - b, (', g)L)) = @o(((k,h~*h)M, (K, g)L))
P2 ) 1hh/ (L)

(
(M
o(((k, h)M (hh’ 9)L))
(
(

Il
©

(
o(((k, h)M; - (I, g) L))
= o((v, U))-

Il
©

So, the map ¢ is well-defined.
To show that ¢ is well-defined, we need that for (k,§) € K x G and (v,u) € V x U

!

1((k9) - (v x u) = pi(v X u)

i.e. that

e1((k. ) - (k)M x (', )L)) = @a((k, )M % (I, g)L)

writing v = (k, h)M and u = (h/,g)L for some k € K, h,h' € H, g € G.
We have, cf. Remark 19, Remark 31,

%((’%ﬁ)'((/f,h)M;;(h’,g)L)) = oi((k- (k, h)M) x (( 9)L-g7"))
= ¢i((kk,h)M X (h’ gg)L)
Po(M)R~'h p (L)

e1((k, h)M (h’,g)L) :

So, the map ¢ is well-defined.
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Step 2 The map 1 is well-defined. We consider

h H
I | T
Po(M)hpy(L) Po(M)\H/py(L) (K x G)\(V ;f[ U) .
The map

to: H — (KXG)\(VEU)

h o (K xG)((1g, )M x (h,1¢)L)

X
H
is well-defined.

To show that ¢ is well-defined, we need that for m € M, ¢ € L we have

bo(h) = Po(py(m)hp, (€)) -

We have
Yo(pa(m)hpy (€)= (K x G)((Lxe, 1) M X (po(m)hp, (€), 16) L)
= (K xG)((1x, Lw)M x py(m) - ((h, 16)(pr(0), 1)) L)
= (K X G)((1i, )M - pam) % (. 16)(01(0), 16))L)
= (K x G)((Li, po(m) )M x (b 16) (p1(0), 16:)) L)
= (K x G)(pa(m)”" (i, pa(m) =) M x ((h, 1G)(p1(€),1c))L-gi€’)i)

eK g6
= (K xG)((py(m™), z(m_l)j)Mﬁ ((h, 1a) (p1(€), p2(£))) L)
)4

So, ¥ is well-defined.
Step 3 The maps ¢ and 1 are mutually inverse.
We have

po(M)h="h' py (L))

J(1g, 1) M X (h='h',1¢)L)

)(k (1K,1H)M><h YW 1g)L g7
) (k

)

(o @) (K x G)((k, h)M x (N, g)L)) =

(1K 1H)M h 1 (h/,lg)L'gil)
(k)M > (W, )L)
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and
(o) (p(M)hpy(L)) = @((K x G)((1x, 1a)M X (b, 1c)L))
= P2(M)hP1(L) .
So, we have ¥ o ¢ = id(KxG)\(V;;U) and ¢ o ¥ = idy,(m)\H/p, (1)

This proves the claim.

We obtain
VxU = L] x
H xe(KxG)\(VEU)
= L ¥(y)
yEpo (M)\H/ py (L)
- U (K xG)((l 1)M x (3, 16)L) -

y€[pa(M)\H/ p1(L)]

As (K, G)-bisets, i.e. as left (K x G)-sets, we have

(K X G)((1K7 1H)M 1>1<r (y, 1g)L) = (K X G)/StabKXg((lK, 1H)M ?I (y, 1g)L) .

Moreover,

Stabgoxa((Lies L) M (y, 16:) L)
= kg) € K xG:(kg)((Ax, 10)M % (y,16)L) = (1, 12)M % (y,1c)L}
= {(kg) e K x Gk (L. 1r)M X (y. 1)L - 97" = (Lie, L) M % (y. 16) L}
= {(kg) € K xG:(k1a)M x (y,9)L = (1x, 1u)M x (y, 1)L}

= {(k,g9) € K x G : there exists h € H such that
(k. 1g)M b~ = (1, 1g)M and h- (y,9)L = (y, 1¢)L}

= {(k,g) € K x G : there exists h € H such that (k,h) € M and (y~‘hy,g) € L}
= {(k,g) € K x G : there exists h € H such that (k,h) € M and (h,g) € DL}

= M*(yvl)L ,

cf. Remark 21, Remark 31, Remark 19, Lemma 41. O



Chapter 2

The bifree double Burnside ring

Let K, H,G, P,(Q be finite groups.

Let L4 denote a chosen system of representatives for the conjugacy classes of subgroups
of G. I.e. for each subgroup U < G, there exists a unique subgroup V' € L4 such that U
is conjugate in G to V.

Recall the set of twisted diagonal subgroups Ag«g of H x G, cf. Definition 48. Let
‘CIA{XG = ,CHXQ N AHXG.

For a ring B and a commutative ring R we write Br := R ® B.
Z

2.1 Definition and elementary properties

Notation 43. Let V be a subgroup of G and U := YV for some y € G. We have the
isomorphism

KyU’V:V—>U,v}—>yv.

In case of U =V we set /ﬂz‘j :

We write Inng (V) := {x; : g € Ng(V)}.

— VvV
—K,y .

Remark 44. The set Inng(V) is a subgroup of Aut(V').

Proof. The map
Ne(V) L Aut(v)

\%4

g = Ry

is a group morphism as for g, g € Ng(V'), v € V' we obtain

(/@;/ o /@g)(v) =99y = /»@;/g(v) .

Then im(f) = Inng(V) < Aut(V). O

22
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Remark 45. Let U < H and V < G be isomorphic subgroups. The set
Isom(V,U) :={V LU f is an isomorphism of groups}
is an (Inng(V), Inng (U))-biset via

Inng(V) x Isom(V,U) x Inng(U) — Isom(V,U)

(ky f . KY) = kK oforl.

Proof. For f € Isom(V,U) we have
idVofoidU = f .

Moreover, we have for ¢,§ € Ng(V) and for h, h € Ny (U) that

m;o(m;ofomg)Ol{BU:(K;/OH;}/)OfO(HgOKg) ,
cf. Notation 43.
So, Isom(V,U) is an (Inng(V'), Inng (U))-biset, cf. Remark 15. O

Lemma 46. Let U,V be isomorphic subgroups of G. Suppose that Inng(U) = Aut(U).
Then (1,2) hold.

(1) Isom(U, V) is a transitive (Inng(U), Inng(V))-biset.

(2) Isom(V,U) is a transitive (Inng(V'), Inng(U))-biset.

Proof. Ad (1). Let ¢, ¢ € Isom(U, V).

As Inng(U) = Aut(U) it suffices to show that there exists o € Aut(U) such that cop = 9.
As ¢ is an isomorphism, we may set a = 1o p~! € Aut(U).

Ad (2). Analogously, for p, 7 € Isom(V, U), there exists § € Aut(U) such that 7 = po j3,
namely 3 =p~lor. O

Definition 47. Let L be a subgroup of H x G. For h € H, g € G, we set the right fibre
to be
WnL:={3€G:(hg) €L}

and the left fibre to be . .
L,:={he H:(h,g)eL}.

1) We call L right unique if |,L| <1 for h € H.

(1)

(2) We call L left unique if |L,| <1 for g € G.
(3) We call L right total if |, L| > 1 for h € H.
(4)

4) We call L left total if |[L,| > 1 for g € G.
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Definition 48. Let L be a subgroup of H x G.
We call L a twisted diagonal subgroup if it is left unique and right unique.

Le. L is a twisted diagonal subgroup if |,L| < 1 for h € H and |L,| < 1 for g € G, cf.
Definition 47.

We denote by Ap«q the set of all twisted diagonal subgroups of H x G.

Lemma 49.

(1) Let U < H and V < G be isomorphic subgroups and o € Isom(U, V). Then
AU, a,V):={(a(v),v) e HxG:veV}<HXxG

18 a twisted diagonal subgroup.

In case of G = H we set A(U) :== A(U,id, U).

(2) For every twisted diagonal subgroup L < H x G there exist isomorphic subgroups
U<H,V <G and an isomorphism o : V = U such that

L=AUaV).
Proof. Ad (1). Write L := A(U,«, V). Let (a(v),v), (a(0),0) € L. Then
(a(v),v) - (a(0),?) = (a(v)a(D),vD) = (a(vD),v0) € L

and

So, L is a subgroup.
For h € H we obtain

WL={9€G:(h,g)elL} = {g€G:(h,g) e HxG,geV,h=a(g)}

B Dif he¢U
| {a i)} heU.

SO, |hL| <1
For g € G, we obtain

Ly={heH:(h,g)e L} = {heH:(h,g)e HxG,geV,h=a(g)}

_ Dift g¢V
{alg)tif geV.

So, |L,| < 1.
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Ad (2). Set
U = {heH:, L0} CH
V = {geG: L, #0} CG.

We show that U is a subgroup of H. As (1g,1s) € L, we have 1y € 1, L and therefore
1y € U. Suppose given u, % € U. To show that ua~' € U, we have to show that

wvirtlb={r €G: (v ' z) € L} 3«!&@ .

Since u, @ € U there exist g,g € G such that (u,g),(%,g) € L. As L is a subgroup we
have

(wa ™, gg7") = (u,9)(a, g) " € L
and therefore gg—! € ,4-1L.
Likewise, V' is a subgroup of G.

We need to show that there exists an isomorphism « : V = U. Suppose given v € V and
w € U. Then L, # () and ,L # (). Since L < H x G is a twisted diagonal subgroup it
follows that |L,| =1 and |,L| = 1.

Set
L, = {a(v)}, wL = {Bo(uw)} ,

so that o : V — H and [y : U — G. We have (o(v),v), (u, Bo(u)) € L and therefore
V€ qow L # 0 and u € L) # 0. So, ap(v) € U and fy(u) € V.

Set
a=oV:V=U B:=F|V:U—=V.
We show that the map «: V — U is a group morphism. Suppose given v,v € V. Then
(a(v),v), (a(D),v) € L and therefore (a(v)a(v),v0) € L .

So a(v)a(?) € Lyy = {a(vd)}. Hence, a(v)a(d) = a(v).
We now show that a and  are mutually inverse.

For v € V we have (a(v),v) € L and (a(v), B(a(v))) € L. Because of |4 L| = 1 it follows
that v = S(a(v)). Therefore, 5o a =idy.

For v € U we have (u,f(u)) € L and (a(B(u)),B(u)) € L. Because of |Lgqy| = 1 it
follows that u = a(S(u)). So, a0 =1idy.
It remains to show that '

L=AUaV).

As every element in A(U,a,V) is of the form (a(v),v) for v € V, it lies in L. So,
A(U,a,V) C L. Conversely, let (h,g) € L. Then h € L, and therefore ) # L,. So, g € V
and h = a(g). Hence,

(h,g9) = (a(g),9) € A(U,a, V) .

So, L C A(U,a, V).
Altogether, L = A(U,a, V). ]
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Example 50. Recall that A(G) = A(G,id,G) < G x G, cf. Lemma 49.
For g € GG, we have

AG)={9 €G:(9,9)cAG)}={g9} ={d €G:(d,9) € A(G)} = A(G), .

So, the subgroup A(G) < G x G is left total, right total, left unique and right unique.
This confirms that it is a twisted diagonal subgroup, cf. Lemma 49(1).

Lemma 51. The (G, G)-bisets G and (G x G)/A(G) are isomorphic via

S (G x G)JAG)
2

G
g
- (9, M)A(G) ,

gh

cf. Example 16, Remark 19.
In particular, idg,c.q) = [G] = [(G x G)/A(G)], cf. Example 50.

Proof. The map ¢ is a (G, G)-bimap as for g € G we get, given a,b € G

pla-g-b) = (agb, 1¢)A(G) = (ag,b=")(b,b)A(G) = (ag,b"")A(G) = a- ((9,16)A(G)) - b
= a-p(g)-b.

We show that the map v is well-defined.
For (g,h), (a,b) € G x G with (g, h)A(G) = (a,b)A(G) it follows that

(a,0)" (g, h) = (a™'g,07'h) € A(G)

and therefore
alg=b"'h, ie. ght=ab'.

So, the map v is well-defined.
We have for g, h € G

Y(p(g)) =v((g, )A(G)) =g

and

e(((g, MA(G))) = @(gh™") = (gh~ ", 16)A(G) = (gh~ ", 16)(h, h)A(G) = (g, h) A(G)

So, ¢ and v are mutually inverse. O]



27

Remark 52. The conjugate of a twisted diagonal subgroup in H x (G is again a twisted

diagonal subgroup.

More precisely, using Lemma 49, we obtain the following. Let U < H and V < G be
isomorphic subgroups and « € Isom(U, V).

For (z,y) € H x G, we have

@EVAU, a, V)

So, Agxc becomes an (H x G)-set

subgroups of H x G.

= {(*a(v),%v) :v eV}
= {$a(y71v),v) cvevV}

x Y
= AU, KUY oaom;/’,lv,yV) .

via conjugation, as an (H X G)-subset of the set of

Lemma 53. Suppose given a subgroup L of H x G. Suppose given (h',¢') € H x G.

)
)
3)
)

1) If L is right unique, then 9L is right unique.

(

(2) If L is left unique, then (W-9)L is left unique.
(3) If L is right total, then W9 L is right total.
(

4) If L is left total, then "-9)VL is left total.

In particular, this shows again that if L is a twisted diagonal subgroup, then ""9)L is a
twisted diagonal subgroup, cf. Remark 52.

Proof. Suppose given h € H and g € GG. Then

W (L)

and ("9)1)

{GeG:(hg) eI}

{geG: (W g ")(hg)(l.g) e L}
{ge G (W1hi'.g""gg') € L}
{6€G:9"39 € p-1uwL}

/

9 (hl—lhhlL)

{he H:(h,g)e L}

{heH: (W1 g (hg)(l,g)e L}
{he H:(Whi, g "gg) € L}

{he H:N'hh' € Ly-1,y}

n (L

/—lgg/) .

g

Since the notations in Definition 47 are defined via cardialities of left respectively right
fibres, the assertions (1-4) follow.

]
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Lemma 54. Suppose given subgroups M of K x H and L of H x G. Recall that
MxL ={(k,g) € KxG : there exists h € H such that (k,h) € M and (h,g) € L} < KxG

cf. Lemma 41.

1) If M and L are right unique, then M x L s right unique.

3) If M and L are right total, then M x L is right total.

(1)
(2) If M and L are left unique, then M x L is left unique.
(3)
(4)

If M and L are left total, then M x L s left total.

In particular, if M and L are twisted diagonal subgroups, then M x L is a twisted diagonal
subgroup.

These assertions are true for relations in general. Nonetheless, we prove them only
in our particular case of subgroups.

Proof. We consider

M« L = {(k,g) € K x G : there exists h € H such that (k,h) € M and (h,g) € L}
= {(k,g9) € K x G : there exists h € H such that h € ;M and g € L}
= {(k,9) € K x G : there exists h € H such that h € L, and k € M} .

Ad (1). Let M and L be right unique, i.e. [ M| <1 for k € K and |,L| <1 for h € H.
For k € K, we have

0 i [,M] =0

MxL)={geG:(k,g)e MxL} =
#(Mx L) = {g (k.9) * Ly {hL if [pM|=1and M =:{h} .

Thus, (M % L)| < 1.
Ad (2). Let M and L be left unique, i.e. |M,| <1 for h € H and |L,| <1 for g € G.
For g € G, we have

0 if L,/ =0

MxL),={ke K:(k,g) e M*xL} =
(M L)y =1 (k:9) J {Mh if |L,|=1and L, = {A} .

Thus, |[(M * L),| < 1.
Ad (3). Let M and L be right total, i.e. |, M| > 1 for k € K and |,L| > 1 for h € H.
For k € K, we have

KMxL)={geG:(k,g)e MxL}= |J »L.

he M
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Thus, |,(M x L)| > 1.
Ad (4). Let M and L be left total, i.e. |M;,| > 1 for h € H and |L,| > 1 for g € G.
For g € G, we have

(MxL),={ke K:(k,gge MxL}= |J M, .

he Lg
Thus, |(M = L),| > 1. O
Definition 55. An (H, G)-biset X is called

(1) left-free if Stab™(z) = {h € H : hx = z} = {1y} for 2 € X, cf. Definition 22.
(2) right-free if Stab™"(z) = {9 € G : xg = 2} = {1¢} for x € X, cf. Definition 22.
(3) bifree if it is left- and right-free.

Remark 56. Let X, Xy be (H,G)-bisets. Consider the disjoint union X; LI X5, which
is an (H,G)-biset, cf. Lemma 34(1). Then Stab'e™((x;,4)) = Stable(z;) for i € {1,2},
x; € X;. So, X7 U X5 is bifree if and only if X; and X, are bifree.

Remark 57. Let X be a bifree (H, G)-biset. Let H' < H and G’ < G be subgroups. Let
X' C X be an (H',G’)-sub-biset. Then X' is a bifree (H', G’)-biset.

Remark 58. Suppose given an (H,G)-biset X and a left-free (G, P)-biset Y, i.e.
Stabi®(y) = {g € G : gy = y} = {lg} fory € Y, ie. themap G = Y, g+ g-y
is injective for y € Y. Then

X x Y| =G| |X x Y],
G

as for zxy € X XY we have (x xy) = (rg~! x gy) for g € G and therefore the equivalence
G G G G

class z X y consists of |G| elements.
a

Lemma 59. An (H,G)-biset X is bifree if and only if Staby«c(z) is a twisted diagonal
subgroup of H X G for all x € X.

Proof. Let X be bifree. Suppose given z € X. We need to show that |,(Stabyq(z))| < 1
!

for h € H and that |(Stabgxa(z)),| < 1 for g € G, cf. Definition 48.

For h € H, we have

n(Stabpxa(z)) ={g€ G : (h,§) € Stabpxc}(z) ={j € G : hx = zg} .

If | (Stabgxc(z))| = 0 then the statement is true.
Consider the case |(Stabgxg(x))| > 0. Then there exists g € G such that hx = zg.

Assume that |, (Stabmye(r))| > 1. Then there exists § € G such that g # § and ha = xg.
Then g = hz = z§ and therefore z = z§g~". As Stabl®™(z) = {g € G : zg = z} = {14},
it follows that g = g. Contradiction.



30

So, |n(Stabgxa(x))| < 1. Analogously it follows that |(Stabp«a(z)),|<1 for g € G.

Conversely, suppose that Stabpy.q(x) is a twisted diagonal subgroup of H x G for all
x € X, cf. Definition 48. We have

1> |1, Stabywa(z)] = {g € G : (1x,§) € Stabyxa(x)}| = [{§ € G : = = x§}| = | Stabl¥™(z)] .
As 1g € Stab(z) it follows that Stab™®(z) = {1} for = € X.

We have

1 > [Stabpxg(z), | = [{h € H: (h,1¢) € Stabya(z)}| = |{h € H : ha = x}| = | Stab's(z)| .
As 1y € Stab¥(z) it follows that Stab!e(z) = {14} for = € X.

So, X is bifree. O
Lemma 60. Suppose given a subgroup L of H x G.

Then L is a twisted diagonal subgroup of H x G if and only if (H x G)/L 1is bifree.

Proof. Suppose that L is a twisted diagonal subgroup of H x G.

By Lemma 59 it suffices to show that for (h,§)L € (H x G)/L, we have that
Stabgxa((h,g)L) is a twisted diagonal subgroup.

But, Stabyq((h,§)L) = P9 L, cf. Remark 6.

By Lemma 53 the conjugate of a twisted diagonal subgroup is a twisted diagonal sub-
group. So, it follows that Stabgy.c((h,g)L) is a twisted diagonal subgroup. Thus,
(H x G)/L is bifree.

Conversely, suppose that (H x G)/L is bifree. Then it follows that
L =0me) [ — Staby,o((1y, 1¢)L) |
is a twisted diagonal subgroup, cf. Remark 6, Lemma 59. O]

Remark 61. Recall that each transitive bifree (H, G)-biset M is up to isomorphism of
the form (H x G)/L for some subgroup L < H x G, cf. Remark 19.

By Lemma 60 the (H, G)-biset M is bifree if and only if L is a twisted diagonal subgroup.
Lemma 62. Let X be a bifree (H,G)-biset and Y be a bifree (G, P)-biset. Then

the (H, P)-biset X X Y is bifree ,
cf. Remark 31.
Proof. We show that forx € X andy € Y
Stab'el® (z X Y) = {1g} .

We have Stab'(z) = {1} and Stab'S(y) = {1¢}.
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Suppose given h € H such that h(z X y) = x X y. We need to show that h = 1g. We
G G

have
hx y = h(x =x
( )é ( éy) éyv

i.e. there exists g € G such that

(ha,y) = (x9,97'y) ,
i.e. ht = zg and y = g~'y. However, Stab's"(y) = {1¢} and therefore it follows that
g =1l¢ and hz = z. Since Stab'™(z) = {15}, we have h = 1y.
Analogously we obtain Stab"#"(z x y) = {1p}. O
G

Remark 63. Suppose given twisted diagonal subgroups M of H x G and L of G x P.
By Lemma 42, Definition 23 and Remark 37 we have

[((H x G)/M) p (G x P)/L)] = [ Unep,mneyp, 2y (H x P)/(M "DL) T,

where [py(M)\G/ p,(L)] denotes an arbitrarily chosen set of double coset representatives.

As (H x G)/M and (G x P)/L are bifree, cf. Lemma 60, so is (H x P)/(M x ®"VL), cf.
Lemma 62, Lemma 27, Remark 56.

Hence, M * MV [ is a twisted diagonal subgroup of H x P, cf. Lemma 60.

Alternatively, by Lemma 53 and Lemma 54 we have that M x (1)

subgroup of H x P.

L is a twisted diagonal

Definition 64. We define the bifree double Burnside group

BZ(H,G) = z([M]: M is a bifree finite (H,G)-biset)

z([M]: M is a bifree finite transitive (H, G)-biset)
([(H xG)/L]: LeLy)

(H,G) ,

Z

IN
oS

Y/

cf. Remark 61.

We call the basis ([(HxG)/L] : L € L%, ) the standard basis of B (H, G), cf. Lemma 28,
Lemma 8, Lemma 27.

Remark 65. By Lemma 62, or by Lemma 42, Lemma 54 and Lemma 53, we have for
M € L%, and L € L5, p that

[(H x G)/M] - [(G x P)/L] € B5(H, P) .

G
Therefore, the composition map

(G ) : Bz(H,G) X Bz(G,P) — Bz<H,P)

(XLI¥YD) = [XxY]
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from Remark 37 restricts to

B (H,G) x BZ(G,P) — By (H,P)
((XL[Y]) = [XgY]-

We have

Bz<1'—'f7 G) X Bz(G,P> Bz(H, P)

BZ (H,P)
B2 (H,G)xBZ (G,P)

()=l

G

BZ(H,G) x Bz (G, P) B2 (H, P)

Remark 66. As the composition map ( : ) : Bz(H,G) x Bz(G,P) — Bgz(H,P),
((X],[Y]) = [X x Y] restricts to Bz by Remark 65 and since idg,c.q) = [G] € Bz (G, G)
¢

by Example 50 and Lemma 51, we have a non-full preadditive subcategory Burnside® of
Burnside, cf. Remark 38.

The objects of Burnside® are finite groups, the abelian group of morphisms from H to G is
given by BZ (H, G) and composition is given by (- ) : Bg(H,G) x BZ (G, P) — B (H, P).

Definition 67. The bifree double Burnside ring B3 (G, G) is the endomorphism ring of
G in Burnside®, cf. Remark 66. So, BZ(G,G) is a subring of Bz(G,G). We have the

Z-linear basis

((GxG)/L]: L€ L)
of BZ(G,G), cf. Definition 64.

Moreover, idga ¢y = idB,(c.6) = [(G X G)/A(G)] € B2 (G, G), cf. Lemma 51 and Exam-
ple 50.

Remark 68. Analogously to Definition 67 one can define the following subrings of
Bz (G, G).

(1) Ry :=z([(G xG)/L]: L is a left unique subgroup of G x G)
(2) Ry :=z([(GxG)/L]: L is a right unique subgroup of G x G)
(3) Rs:=z([(G x G)/L]: L is a left total subgroup of G x G)

(4) Ry :=z([(G x G)/L]: L is a right total subgroup of G x G)

Cf. Lemma 42, Lemma 54, Lemma 53, Lemma 51 and Example 50.
We have e.g. B2 (G, G) = Ry N R, cf. Definition 48, Definition 67.
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2.2 The Burnside ring inside the bifree double Burnside
ring
Lemma 69. Let X be a left G-set. The set G x X is a (G, G)-biset for the action defined
by
a-(g,x) b:= (agb,b~'x)
fora,b,ge G,z e X.

Proof. We have for a,a, b, B,g eGandre X
lg-(9:2) - le =(lg 9 la,1¢ - x) = (9,7)

and R ~
a-(a-(g,z)-b)-b = a-(a-g-b,b7'-z)-b
= (a-a-g-b-bb'-b7' 1)
(ai - g - bb, (bb)™" - z)
= (aa) - (g,x)- (bb) .
By Remark 15, the set G x X is a (G, G)-biset. ]

Lemma 70. Suppose given left G-sets X1, Xo. Then we have mutually inverse isomor-

phisms of (G, G)-bisets

Gx(XiUXy) <& (GxX;)U(Gx Xy)
(9: (x.9) = ((g,2),1)

(9, (z,9)) <= ((g,2),7) ,

forie {1,2}.

Proof. Both maps are well-defined and mutually inverse.

We show that ¢ is a (G, G)-bimap. Suppose given a,b € G. Then

pla-(g,(x,49)-b) = ¢((agh, b~ (z,7))) = ¢((agb, (b 2, )))
= ((agb,b™"z),4) = ((a- (g,2) - b))
= a-((9,%),7) - b=a-¢((g,(z,1)) - b
for i € {1,2} and = € X;. O
Lemma 71. Suppose given U < G. Consider the left G-set G/U. Consider the (G,G)-

biset G x (G/U) as in Lemma 69. Consider the (G,G)-biset (G x G)/A(U) as in Re-
mark 19.

We have mutually inverse isomorphisms of (G, G)-bisets

Gx (GIU) S (G xG)/AU)
(9,hU) 5 (gh, h)A(U)
(wo =t 0U) & (u,0)AU) .
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Proof. We need to show that the map ¢ is a well-defined (G, G)-bimap. Suppose given
9,9, h, h € G such that (g, hU) = (g, hU), i.e. such that g = g and h='h € U. We obtain

(Gh, h)"Y(gh,h) = (h"*g 7 gh, h"*h) = (k" *h,hh) € A(U) .
Suppose given a,b, g, h € G. Then
p(alg, hU)b) = o((agh,b~"hU)) = (agbb™"h, b h)A(U) = a(gh, k)A(U)b = ap(g, hU)b .

So, ¢ is a well-defined (G, G)-bimap.
We show that 1 is a well defined map.
Suppose given g, §, h, h € G such that (g, h)A(U) = (§, h)A(U). Then

(979, h""h) € A(U)
and therefore g1 = h*h € U, i.e. gh=* = gh~' and h™*h € U. So,
(gh™ ', hU) = (gh™*,hU) .
Hence, the map 1 is well-defined.

Moreover, the maps ¢, 1 are mutually inverse. O

Remark 72. We denote by Bz(G) the Burnside ring of G. Recall that Bz(G) is the
abelian group freely generated by the isomorphism classes of finite left G-sets, modulo

the relations
(X UY] = [X]+[Y] for left G-sets X, Y.

Multiplication is defined by

[X]-[Y] = [X x Y] for left G-sets X, Y.

It has the Z-linear basis ([G /U] : U € Lg). Moreover, idp, ) = [G/G].
For more details on Bz(G) see [3, §80].

Lemma 73. (|2, cf. Lemma 2.5.8]) We have the injective ring morphism

§:Bz(G) — BZ(G,G)
X] = [GxX]

where X is a finite left G-set. Recall that then G x X is a finite (G, G)-biset, cf. Lemma 69.

Proof. We show that § is well-defined. Suppose given finite left G-sets X and X’ such
that [X] = [X'], i.e. X & X', Let a : X = X’ be an isomorphism of left G-sets. We have
to show that [G x X] = [G x X']. We have mutually inverse isomorphisms of (G, G)-bisets

GxX & GxX'

(g,2) % (g.a(x))

(ga (@) & (g.2)) .
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In fact, ¢ is a (G, G)-bimap as for a,b, € G we have
p(a-(g,7)-b) = p((agh,b™'x)) = (agh, a(b™'z)) = (agh, b~ a(z)) = a-(g,a(x))-b = a-p(g,x)b .

So, [G x X] =[G x X'].

Moreover, for finite left G-sets X and X’ we have G x (X U X') = (G x X) U (G x X')
and therefore [G x (X U X')] =[G x X]+ [G x X']. So, 0 is well-defined by the universal
property of Bz(G).

To obtain that 0 is injective, we show that different basis elements are mapped to a
Z-linearly independent set.

We have for U < G that G x (G/U) = (G x G)/A(U), cf. Lemma 71.
Suppose given [G/U], [G/V] € Bz(G). We have

L.8
<~

G/U=G/V there exists g € G with 9U =V

& there exists (g,¢') € G x G with 9U =V and YU =V
R (G x G)/AU) = (G x G)/AV) .

The Z-linear basis ([G/U] : U € L) of Bz(G) is mapped to ([G x G)/A(U)] : U € L),
where A(U) and A(V) are not conjugate in G x G for U,V € L5 with U # V.

Picking A(U) for U € L as representatives for their conjugacy classes in G x G, we see
that the tuple ([G x G)/A(U)] : U € L) can be extended to a Z-linear basis of B3 (G, G)
and is therefore Z-linearly independent, cf. Definition 64.

Hence, ¢ is injective.

To show that ¢ is a ring morphism, we need that §([X] - [Y]) = §([X]) o d([Y]) for finite
left G-sets X and Y. lLe. that

Gx(XxY)%(GxX)é(GxY).

We consider the maps

Gx (X xY) « (GxX)é(GxY)
(9, (z,y)) =
(gh, (7 'z,y)) & (g.2) X (hoy)

The map « is a (G, G)-bimap as for a,b € G and (g, (z,y)) € G x (X x Y) we have
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a(a’ ’ (gv (37, y)) ’ b) = a<<agba (b71w7 bily)))

é (1Ga b_ly)

= allg.2) x ()b
= a-a(g,x,y)-b.

We show that the map (3 is well-defined. For a € G and (¢g,z) € Gx X and (h,y) € GXY
we have ((g,7)a x a~*(h,y)) = (g,7) X (h,y). Moreover, we have (g,z)a = (ga,a 'z),
G

a~'(h,y) = (a'h,y) and (gh, (a=*h) " a" 2, y) = (gh, (h) "'z, y).

Moreover, o a and « o 3 are the identity maps as

(Booz)((g,:v,y)) = ﬁ((g,:c) é (1Gay)) = (gaxay)
for (g, (z,y)) € G x (X xY) and

(a0 B)(((g,2) x (h,y))) = oallg

for (g,2) € G x X and (h,y) € G x Y.
Furthermore 6(idp, () = 6([G/G]) = [G x (G/G)] = [(G x G)/A(G)] = idpa ¢ q) - O

Corollary 74. Consider the injective ring morphism

§:Bz(G) — BZ(G,G)
[G/U] = [Gx(G/U)]=[(GxG)/AU)]

from Lemma 73. The ring morphism is also surjective if and only if every twisted diagonal
subgroup of G x G is conjugate to a twisted diagonal subgroup of the form

A(W) for W <G,
as BZ (G, G) has the Z-linear basis ([(G' x G)/L]: L € L5, ).

Example 75. The group S3 has the subgroups Uy := 1, Uy := ((1,2)), Uy := ((1,3)),
Us :={((2,3)), Uy :={(1,2,3)), Ss.
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To obtain a basis of B%(Sg, S3) we firstly determine representatives of conjugacy classes
of twisted diagonal subgroups of S3 x Ss.

We have the isomorphisms

id : U —
o - U —
o3 ¢ U —
a1 - Uy —
ooy @ Uy —
agy  Us —
agy ¢ Us —
oyg 0 Uy —
K5 1S3 —

A(l) = {(id,id)}

A(lh) = <((7 2),(1,2)))
(234 A (U2>a127U1)
(id, )A(Ul,OQl,Uz)
(id,(1,3))

= A(U17a3 1,U3)

A(U4) = <((17 2, 3)’ (17 2, 3))>

Us
Us
U
Us
U
Us
Uy

A(Ss) = (((1,2),(1,2)),((1,2,3),(1,2,3)))

So, we obtain the Z-linear basis

L A A A

i€ 10,4]

DA(U)

(13),id) A(U3>al 3,U1)
(1,3),(2 A(U3 Qo 3>U2>
NA(Uy, o, Us)

((1,2).id) A(U4, Q4 4, U4)

(id,z) A(Sg,/i Sg) ;

(3. 0L8) A(U)

Q?ESg.

{[(Ss % S3)/AM)]; [(Ss < Ss)/A(UL)], [(Ss x S3)/A(Us)], [(Ss x S3)/A(Ss)]}

of BZ(S3,Ss), cf. Definition 64.

Note that every twisted diagonal subgroup of S3 x S3 is conjugate to a twisted diagonal
subgroup of the form A(W) for W < S;.

Hence, the injective ring morphism

5Bz(83) — B%(Sg,Sg)
[S3 /U] — [S3x(S3/U)] = [(S3 x S3)/A(U)]

from Lemma 73 is also surjective, cf. Corollary 74.

Thus,

Bz(Ss) =

B2 (Ss,Ss) .
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Remark 76. The Burnside ring Bz(G) is commutative whereas the bifree double Burnside
ring BZ (G, G) is not commutative in general, c¢f. BZ(S4, S4) in Chapter 3 below.

So, the injective ring morphism ¢ from Lemma 73 is not surjective in general.

2.3 The Wedderburn embedding of Boltje and Danz

In [1] Boltje and Danz give a description of the bifree double Burnside ring Bé(G ,G) viaa
direct product of endomorphism rings of permutation modules over outer automorphism
groups of subgroups of GG. In this chapter we give an account of this result, cf. Theorem 108
below.

2.3.1 Preparations

Lemma 77. Let U < H and V < G be isomorphic subgroups and o € Isom(U, V), cf.
Remark 45.

Let X be a bifree (H,G)-biset, cf. Definition 55. Then

Fixaw,a,v)(X) € X

is a (Cu(U),Cq(V))-sub-biset of X, cf. Definition 18(2).

As such,
Fixav,a,v)(X)

is a bifree (Cy(U),Cq(V))-biset.

Proof. We need to show that for z € Fixaw,a,v)(X), h € Cy(U) and g € Cs(V) we have
that hxg € Fixaw,a,v)(X) since then Fixap,a,v)(X) is a bifree (Cy(U), Cq(V))-biset by
Remark 57.

We have Fixaw,a,v)(X) = {2 € X : a(v)r = zv for v € V}, cf. Remark 21.
We obtain, as h € Cy(U) and g € Cs(V), that

aw)-h-x-g=h-a@)-z-g=h-z-v-g=h-z-g-v.
Thus, hzg € Fixaw,a,v)(X). O

Lemma 78. Let U < H, V < G and W < P. Suppose given isomorphisms
B € Isom(V, W) and a € Isom(U, V). Let X be a bifree (H,G)-biset and Y be a bifree
(G, P)-biset.

We have an injective morphism of bifree (Cy(U), Cp(W))-bisets

n= ﬁa”@ : FiXA(U@,V) (X) o >EV) FiXA(Vﬁ’W) (Y) — FiXA(U,aoﬁ,W) (X é Y)
G

T X Yy = TXYy.
Ca(V) a
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Proof. By Lemma 62 and Lemma 77 we have that Fixa@,a,v)(X) X Fixaw,gw)(Y) and
Ce(V)
Fixaw,a0,w) (X x Y) are bifree (Cy(U), Cp(W))-bisets.
G

We need to show that fi is well-defined. Let x € Fixaw,a,v)(X), i.e. a(v)x = zv forv e V.
Let y € Fixagw)(Y), ie. B(w)y = yw for w € W.

We have for w € W that
a(f(w))(z x y) = zf(w) x y =z X flw)y = (z X y)w

and therefore z é Yy € Fixaw,aop,w) (X é Y), cf. Remark 31.
Since zg X y = x x gy for g € Cg(V), the map i is well-defined.
G G

Moreover, we have for h € Cy(U) and p € Cp(W) that

ph-(x x y)-p)=plhe x yp)=hxxyp=h-(xxy)-p=h-plz x y)-p.
Ca(V) Ca(V) G G Ca(V)

So, i is a (Cg(U), Cp(W))-bimap.
It remains to show that [ is injective.
Let 2,2 € Fixawev)(X) and y,7 € Fixaw,gw)(Y) such that x é y = I é y. Then

there exists ¢ € G such that = xzg~! and § = gy, cf. Remark 31. Moreover, as

y, 7 € Fixarvgw)(Y) we have, on the one hand

gw = f(w)y = Blw)gy

and on the other hand
Jw = gyw = gB(w)y

for w e W.

So, since Y is bifree, we obtain ¢~!(w) tgB(w) = 1g, i.e. gB(w)g~' = B(w) for w € W.

Thus, g € Cg(V). Therefore, we have x X y =2 X ¢. So, i is injective. ]
Ca(V) Ca(V)

Definition 79. Let U < H and W < P be isomorphic subgroups and v € Isom(U, W).
We define

LU, v, W) :={(a,,V, ) : V < G, a € Isom(U,V), p € Isom(V,W), aop =~}.

Le. g (U,~, W) consists of all factorisations of v via subgroups of G.
The group G acts on I'¢(U, v, W) by

g(e, V. B) = (o k)Y OV, 5V 0 B)
for g € G, (o, V,B) € Tg(U,~v, W), cf. Notation 43. Note that

Staba((o, V, ) ={g € G : g(a, V. 8) = (o, V. )} = {g € G: )" =idy} = Ca(V) .
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Lemma 80. Let U < H and W < P be isomorphic subgroups and v € Isom(U, W).

Let X be a bifree (H,G)-biset and Y be a bifree (G, P) biset.

Let (oz,V,ﬁ),(d,f/,B) € I'g(U,v,W) such that (o, V, ) and (&, \N/,B) lie in the same
G-orbit of U'¢(U,v,W). Choose g € G such that

(@, V,B) =g(a,V,B) = (ao k" 9V, k""" o B) .

g—1 > y Vg

(1) The map

Fixawa1)(X) % Fixawsm (V) = Fixggap)(X) x Fixy gz (V)
(z,y) = (297" 9y)
18 bijective.

(2) We have an isomorphism of (Cy(U), Cp(W))-bisets

Fixawa1)(X) X Fixawpw)(Y) =% FixgpamX) x_ Fixgp g Y)
Ca(V) Ca(V)

r X y = xg' x gy,
Ca(V) Ca(V)

cf. Lemma 77, Remark 31.

(3) We have iz 50 §g = flas, cf. Lemma 78.

Proof. Ad (1). The map ¢, is well-defined, as for x € Fixaw,a,v)(X) we have
a(v)r = zv

for v € V and therefore

%

'=(ao m;/’,l )(gug™Hzg™

-1 1 -1

=zvg  =xg -Jv.

adv)zg~ = a(v)xg

So, zg™! € Fix 74,7 (X). Moreover, for y € Fixav,sw)(Y) we have

Blw)y = yw

for w € W and therefore

Bw)gy = (rk,"" o B)(w)gy = gB(w)g " gy = gyw .
Analogously, the map
. . » . .
Fixaw,a,v)(X) X Fixawsm)(Y) <« Fixaga0)(X) X Fixy g 509 (Y)
(zg,97'y)

is well-defined.
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Furthermore, we always have

(0} 0 ) (x,y) = Ky (xg™", gy) = (x,y)
and
(g 0 2)(7,9) = pg(xg,97"y) = (2,1) -
So, ¢}, 0 py = id and ¢, o ¢} = id.
Ad (2). To show that @, is well-defined, it suffices to show that for ¢’ € Cx(V') we have
(Towy)((2g,y)) = (T owy)((z,gy)), cf. Definition 30, Remark 32.
We obtain for ¢’ € Cg(V)

(Topg)(zd,y)) = zg'g™" x gy

Ca(9V)

= x99 x gy

9Cq(V)

= xg™l X g'gy
9Cq(V)

= zg7' X gqy
9Cq(V)

= (Topy)((z,9'y)) -

Moreover, we have for h € Cy(U), p € Cp(W) that

Gg(h-(x x y)p) =@g(ha x yp) =hxg" x gyp=h(zg™" x gy)p=nhg,(x x y)p.
Ca(V) Ca(V) Ca(V) Ca(V) Ca(V)

So, ¢4 is a map of (Cy(U), Cp(W))-bisets.
Analogously, the map

=/

@

Fixawav)(X) X Fixawsw)(Y) <= Fixapam(X) X Fixagam (V)
Ca(V) Ca(V)
rg X g ly <~ 1 X gy
Ca(V) Ca(V)

is a well-defined (Cg(U), Cp(W))-bimap.

So, gy opg 0T =P, 0T 0P, =To0,0p, =T and hence, by surjectivity of T,

@, 0Py =id .
Likewise, it follows that ¢, 0@} = id. So @, is an isomorphism of (Cx (U), Cp(W))-bisets.
Ad (3). Since @ o B =~ =aof we always have

y) = fapleg™" x_ gy)=xg" X9y =Xy =flaple x y).

ﬁd~o@ T
(a5 0 20) Ca(V) Ca(V) Ce(V)
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Remark 81. Note that in Lemma 80 the map @, does not depend on the choice of g € G.
Le. for ¢ € G such that ¢'(o,V, B) = (&, V, ) = g(, V, B) we have ¢4 = @ .

Proof. Since ¢'(a, V, ) = g(a, V, B) we have g~ ¢’ € Stabg((a, V, 3)) = Cg(V), i.e. there
exists ¢ € Cg(V) such that ¢’ = gc, cf. Definition 79. We always have

Pyl x y) = zg™" x_ gy
Ca(V) Ca(V)
= zc g7t X gey
Ca(V)
= 2979 x gey
9Ca(V)
= zg7' x 9 Mgey
9Cq(V)
= 297" X gy
9Cq(V)
= g.lxr X .
909( CG(V)y)
Thus, ¢4 = @y . [

Lemma 82. Let U < H and W < P be isomorphic subgroups and v € Isom(U, W). Let
X be a bifree (H,G)-biset and Y be a bifree (G, P) biset.

(1) Let Tg(U,v,W) C Tg(U,v,W) be a set of representatives of the G-orbits of
La(U,v,W), cf. Definition 79. Then the maps finp, cf- Lemma 78, induce an
isomorphism of (Cy(U),Cp(W))-bisets, i.e.

fi: L Fixa@w,a,v)(X) X Fixawpw)(Y) — Fixawqw) (X xY)
(a,V.B)el (U, W) Ca(V) G
(JC X ?/7<047V,5)) = T XYy.
Ca(V) G

(2) Suppose X andY to be finite. Then

| Fixawim) (X x V)

= > |67 > | Fixaw.av)(X)] - [Fixaw,sw) (V)]
V<G (a,8)€Isom (U, V) xIsom(V,W)
040/6’:7
= > INe(V)[™! > | Fixaw.av)(X)] - [Fixawsm (V)] -
VeLla (a,8)€Isom (U, V) xIsom(V,W)
aoff=y

Note that Isom(U, V') x Isom(V, W) = () if V' is not isomorphic to U and to W.

Proof. Ad (1). By the universal property of the coproduct, /i is well-defined and a map
of (Cyx(U),Cp(W))-bisets.

We claim that fi is injective.
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Let (o, V,05), (@&, f/,ﬁ) € fg(U,'y, W). Suppose given z € Fixawev)(X),
T € Fixpav)(X), y € Fixaw,sw)(Y) and § € Fix, i 5 (Y) such that

<y, (a,V,B)).

y=7xg=jr
G Ca(V)

As the restriction of i to each participant of the disjoint union is injective, cf. Lemma 78,
it suffices to show that (o, V, 8) = (&, V, 8). It suffices to show that («, V, 5) and (&, V', )
lie in the same G-orbit, i.e. that there exists g € G such that

9(a,V,8) = (a0 k¥ 9V, KV 0 8) £ (a,V, ),

g
cf. Definition 79.

Since z X y = & X ¢ there exists g € GG such that
G G

T=x2¢g ' and § =gy .

Asy € Fixawsw)(Y) and § € Fix, 5 4(Y) we have for w € W that

Blw)y = yw and B(w)gy = B(w)j = juw = gyw

and therefore ¢~ 'f(w)gy = yw = B(w)y.
Since Y is bifree, we obtain S(w) 'g'f(w)g = 1g for w € W, ie. f = k,"V o 3. Thus,
V =B(W) = (r;"V o B)(W) = 9V. It remains to show that & = a o /i:]/’_glv. We have

@:&050371:705’1:aoﬁoéfl:aom;/’_glvoﬁoﬁflzaoﬁ;/’_glv.

This proves the claim.
We claim that [ is surjective.

Suppose given € X and y € Y such that  x y € Fixaw,,w)(X x Y). Then we have
G G
x X yw =y(w)r Xy
G G
for w € W. Therefore, for w € W we may choose an element g, € G such that

xgw = y(w)x and g,y = yw .

Let V := {g, : w € W}. Consider the map §: W — V w — g,,. For w,w’ € W we get

Blww')y = guwy = yuww' = B(w)B(w)y .

Since Y is bifree, B(ww’) = B(w)@(w’) ensues. So, V < G and f is a surjective group
morphism.

We show that 3 is injective. Given w € W with 3(w) = 14, we obtain

y = Bw)y = guy = yw ,
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hence w = 1p since Y is bifree. So, § is injective.
Let @ :=vy0f71:V S5 U. As ~ and {3 are isomorphisms so is @.

(5{ ﬁ) S FG(U7 s W)
As @( )y = gwy = yw for w € W it follows that y € FiXA((/’g’W)(Y)'

Since zf(w) = £g, = v(w)x for w € W, we have
20 = 2f(B71(9)) =1(5(0)z = a(0)x
for v € V,ie x € Fixp 74,7 (X)-
As (a,V, ) € T¢(U, 7, W), there exist g € G and (a,V, 8) € I'¢(U, v, W) such that

(&, V,B) =g(a,V,3) = (aomv_iv,gv VVo ) .

Ry
We have
Tg € FiXA(U’%V) (X) ,
as forv eV

a()-(z-g)=(aor)")(v)-z-g=av) -z -g=a-%v-g=(x-g) v

Moreover, g~'yw = g~ B(w)y = g~ B(w)ggy = (5, o B)(w)g 'y = B(w)g™"y for
w e W. So,
9~y € Fixawsm) (V) .

Thus, zg % g 'y € Fixaw,a,v)(X) x Fixawgu)(Y) and so
Ca(V) Ca(V)

ilzg X g7y (@ ViB)) =g xgTly=wxy.

Ca (V)
This proves the claim.

Ad (2). As [1 is bijective, we have

iXA(Uy’YvW) = iXA(U,a,V) IXA(Vﬁ W)
| F (X xY)| | L F (X) x Fi (V)|
¢ (V)P (U, 0) Ca(V)
- 2. | Fixa@ay)(X) X Fixawgw)(Y)] .
(a,V,8)ela (U, W) Ca(V)

Given (a,V,f) and (&, f/,ﬁ) that lie in the same G-orbit of I'¢(U,~, W), we have by
Lemma 80(2) that

’ FiXA(U,a,V) (X) o X FiXA(Vﬁ’W) (Y)’ = ‘ FiXA(U,d,f/) (X) X FIXA(V 3, )(Y)’ .
c(V) Ca (V)
G| _ @
| Stabe((a, V, 8))]  [Ca(V)]

The G-orbit of (a,V,3) € I'¢(U,~, W) has length
Definition 79. Hence,

, cf.

> | Fixawa,v)(X) x  Fixawgw)(Y)]
(OC,VWB)EFG(U,’Y,W) CG(V)
= XA (U,0,1) (X) >§ xaw,ew) (Y] -

(a,v7,B)EFG(U,’y,W) ‘G’ CG V)



45

As Y is bifree, Fixaw,gw)(Y) is left-free over C¢(V), cf. Lemma 77. Thus, we have

| Fixa,a,v)(X) . >§V) Fixaw,s) (V)| = | Ca(V)| 7 Fixaw,av) (X) x Fixaw,gu)(Y)] ,
G

by Remark 58. So,

Ca(V . )
[CeV)] )||FIXA<U,a,V>(X) X Fixaw,gw)(Y)|
(a,V,8)el (U, W) |G| Ca(V)
= > |G| Fixa@,a,v)(X) x Fixaw,gw) (V)]
(a,V,8)ela(Uyy, W)
= > |G|t > | Fixa@,a,v) (X)| - [Fixaw,sw)(Y)] -
V<G (a,8)€lsom (U, V) xIsom(V, W)
aof=y

By Lemma 80(1) we have, for g € G and (/,V, ') € I'¢(U,~, W), that

|FiXA(U,o/,V)(X) X FlXA(Vﬁ’,W)(Y)‘ = |FiXA(U,a’on;/’_glv,9V)(X) X FiXA(QV,Hiv’VOﬁ’,W) (Y)| .

Therefore, we get

> G|t > | Fixa@,a,v)(X)] - | Fixaw,sw)(Y)]
V<@ (e, 8)EIsom (U, V) x Isom(V, W)
aoff=vy
G173 X INe(V)[ 2 | Fixaw.a.ov)(X)] - | Fixaevsw) (V)]
VeLg geG (a,8)€lsom(U,9V ) xIsom(9V, W)
aoﬁ:'y
G S % NGV > P aron iy (O | FiX 2
VeLg geG (o ,8")€Isom (U, V) xIsom(V,W) 9
a/OB/:’y
G . .
@y > [ Fixaiors (X)) - | Fixanan (V)
VeLlag | G(V)| (o/,8")EIsom (U, V) xIsom(V,W)
aoff!=r
> INe(V)[™! > | Fixa@,a,v) (X)] - [Fixaw,sw) (V)] -
VeLlg (a,8)€lsom (U, V) xIsom(V, W)
aoﬁ:'y

(Y)]
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2.3.2 The ghost ring
Definition 83.

(1) Let I 4 denote the set of triples (U, o, V), where U < H,V < G and o : V = U
is an isomorphism

Ife={UaV): USH V<G, aclsom(U,V)}.

The group H x G acts on Ig  as follows. For (U,o,V) € I and (h,g) € H x G,

we have h
(h,g)(U7 a,V) = (hU, ,LghU,U oQo I{;/L91V79V) .

In particular, for (7,id,T) € IéG and g € G we have 99 (T,id, T) = (9T, id, 7).

(2) We denote by AZ(H,G) := ZIj  the free abelian group with Z-linear basis I, -
It is a permutation module over Z(H x G), cf. (1).

(3) We define the ghost group BQ(H, G) of B5(H,G) by
~A )
By (H,G) = Fixp.(A7(H,G)) .

For (U,a,V) € I let [U o, V]gxg == {"9(U,a,V) : (h,g) € H x G} denote its
(H x G)-orbit. The orbit sums

U, 0, V5= > (U,a,V)

(U’dzv)E[U7a7V]HXG

form a Z-linear basis of Bé([—], (). We call this basis the standard basis of Bé(H, G).

Lemma 84. We have an isomorphism of (H,G)-bisets

f . Iﬁ,G % AHXG
U,a,V) — AU, V),

cf. Definition 83(1), Remark 52.

[0}

Proof. Suppose given U, U’ < H, V,V' < G and isomorphisms V = U, V' Y We

claim that
AU, a,V)=AU", V)= (Ua, V)= (U, o, V).

Ad <. This holds by construction.
Ad =. Suppose that A(U,a, V) = AU, o/, V).
We have

p1(A(U,,V)) = {h € H : there exists g € G such that (h,g) € A(U,a,V)} C U ,

cf. Notation 40.



47

Moreover, for u € U we have u = p,(u, o' (u)) € p (AU, o, V)).
So, U =p, (AU, ,V)) = p (AU, &/, V")) = U’. Analogously, we have V = V.
It remains to show that for v € V' we have a(v) = o/(v). But,
(a(v),v) € A(U,a, V) = A(U, ', V)
and therefore a(v) = o/(v).
This proves the claim.
By construction, f is surjective. By the claim, f is injective. So, f is bijective.

Suppose given (h,g) € H x G. Then

f((h,g)<(]7 Q, V)) = f((hU, KJZU’U oo I{;fivy gv))
= AU R oaor!Y 0V
= (h"g)A<U, Oé, V)
(h,g)f((U’ Oé, v)) ?

cf. Remark 52, Definition 83(1). So, f is an isomorphism of (H, G)-bisets. O

The next Lemma provides a system of representatives of conjugacy classes of twisted
diagonal subgroups.

Lemma 85. Let U; for i € [1,k] be representatives for the conjugacy classes of sub-
groups of G. Given i,j € [1,k], we let v27 for s € [1,m;;] be representatives for the
(Inng(U;), Inng(Uj))-orbits of Isom(U;,U;). Then for each twisted diagonal subgroup
L < G x G there exists a unique pair (i,7) € [1,k| x [1,k] and a unique s € [1,m, ]
such that L is conjugate in G x G to AUy, v, Uj).

Proof. Ezistence. By Lemma 49(2) and Remark 52, L is conjugate to A(U;, v, U;) for some
i,j € [1,k] and some a € Isom(U;, U;). By Remark 52 again, A(U;, o, U;) is conjugate to
A(U;,~5,U;) for some s € [1,m; ;].

Uniqueness. Suppose given i,j € [1, k| such that U; = U; and v € Isom(U;, U;). Suppose
given 1, € [1,k] such that U; = U; and 7 € Isom(U;, U;). Suppose given (z,y) € G x G
such that

AU, U5) = “D AU 7, Uy) .

We have to show that i = i, that j = 7 and that v and & lie in the same
(Inng(U;), Inng (Uj))-orbits of Isom(U;, U;).

By Remark 52, we have
A(Ug,;)//, Uj) _ (I’y)A(Ui,’}/, U]) _ A(IU“ /{IUian o7 o KUj’ij7ij) )

x y*l

By Lemma 84, we get (U5, 7,U;) = (“Uy, 5,7"Yioy o /{Zﬁ’lij,ij).

Hence, i =1, j = j, 2 € Ng(U;) and y € Ne(U;5).

U;

So, ¥ = KkViVioyo /fgian . This shows the assertion, cf. Notation 43. O
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2.3.3 The mark homomorphism
Lemma 86 (mark homomorphism). We have the Z-linear map
md B2 (H,G) — By(H,G)

Xl - X

(U,a,V)EII%’G

fixaw,av) ([X])

(G

_ 5 | Fixa 0,1 (X)]
(U7a,V)e[§7G ‘ CH(U)’

U,a,V) ,

cf. Remark 26.

Proof. First of all, | Cyx(U)| divides | Fixaw,a,vy(X)| for a finite bifree (H,G)-biset X,
since Fixaw,a,v)(X) is a left-free Cy(U)-set, cf. Lemma 77.

Therefore, mg  maps to Az (H,G).

It remains to show that mf ([X]) € Bé(H, G) = Fixgxg(AZ(H,G)) for a finite bifree

(H,G)-biset X. Therefore, it suffices to show that for (h,g) € H x G the coefficients of
(U, o, V) and "9)(U, o, V) that appear in m§ ;([X]) are equal, cf. Definition 83(1).

We have
|1Cu("U)| =|"Cu(U) | =|Cu(U)|

and
\FiXA(hUﬁZU,anM;/,_glv79V)’ = !FiX(h,g)A(U,a,V)(X)’

= |(ha g) FiXA(U,a,V) (X)|
= ’ FiXA(U7a7V) (X)‘ ?

cf. Lemma 7. So, the coefficients are equal.

Thus, mIA{’G is a well-defined Z-linear map. O

Definition 87. Let Ag(H,G) := Q ®z AZ(H,G), which has If; as a Q-linear basis.
We define the Q-bilinear map

(=), (5): AJ(H,G) x A§(G, P) — AJ(H,P)

0 TRTENAY
((Uva/vv)aa/vﬁvw)) = (U7@7V>G(V757W) = |C‘Gcgr)‘(Uaoéoﬂ7W) lfV:V/,

where (U,o, V) € I and (V',8,W) € I§p .

Remark 88. We have
(féf’) ];f" =& (3 I;fu)

for & € AG(H,G), € € AQ(G, P), & € AQ(P,Q).
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Proof. We have for (U, o, V) € I, (V'.8,W) € 1§ p and (W',7,T) € I,

(U, a0, V) - (V' 3,W)) - (W', ~,T)

G P

0 ifV£V

= * W/ T
—|C|(’C§|V)|(U,aoﬁ,W) ity =y (T

0 VAV or W#W

= ’CG(V”’CP(W”(U?ao/Bo'%T) fV=Vand W =W'

|G| 1P|

0 if W £ W

— U,V
(U, V) V', Boy,T) ifW =W

| Cp(W)]
1P|

G

= (U, V) ((V',5, W) (W7, T)) .

]

Lemma 89. Let L < H x G be a subgroup. Suppose given systems of coset representatives
as follows.

A CH for H/L, =H/{heH:(hlg) €L}
By CG for G/py(L)=G/{ge€ G: there exists h € H such that (h,g) € L}

A, CH for H/p(L)=H/{h € H: there exists g € G such that (h,g) € L}
B, CG for G/1,L=G/{geG:(1ly,g) € L}

Then Ay x By and Az x By are systems of coset representatives for (H x G)/L.

Proof. We show that A; x B; represents (H x G)/L.

Suppose given (h,g) € H x G. We need to show that there exists (a,b) € A; x B; such
that (a,b)L = (h,g)L.

As B; represents G/ p,(L) there exists b € B; and v € py(L) such that
g="bv.
Since v € py(L) there exists u € H such that (u,v) € L.
Moreover, as A; represents H/L,, there exists a € A; and ¢ € L, such that
hu™' = al .

Now,
(a,b)"*(h,g) = (a,b) " (alu,bw) = ({,1¢)(u,v) € L .
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So, (a,b)L = (h,g)L.

It remains to show that for (a,b), (a’,0") € Ay x By with (a,b)L = (a’,V')L it follows that
(a,b) = (d,b).

But, as (a'"'a,b'"'b) € L it follows that b/'"'b € py(L), i.e. that bpy(L) = V' py(L) and
therefore that b =V'.

Hence, (¢ 'a,1g) € L and therefore a’'a € Ly, . So, aL;, = a'Ly, and it follows that
a=d.

Analogously, Ay x By is a system of representatives for (H x G)/L. H

Lemma 90. Let C' < N < G be subgroups. Suppose given systems of coset representatives
as follows.

BiCN for N/C

B, CG  for GJ/N

Set Bz 1= {gx NS Bg, x € 81}

(1) The set Bs represents G/C.
(2) The map
f : BQ X Bl — 83
(9.) — gz
18 bijective.
(3) Suppose given n € N. Then nBBy := {nx : x € By} represents N/C.

(4) Suppose that CIN. Suppose given n € N. Then Bin := {xn : = € By} represents
N/C.

(5) Write x;'By := {z3'z : x € By} for 3 € By. We have the mutually inverse
bijections

Bl><81 (l> |_| 1'2_181

T2€B1
(x1,22) (x;lxl,xQ)

(xox!, x9) 1 (2!, 29)
where the target is an exterior disjoint union.
Proof. Claim. Suppose given (bs, b1), (b, 0]) € By x By with bebyC' = b301C. Then by = b}
and by = b),.
We have By € N. So,
Vo thy = by (B0 thoby) bt €N .
—_——
eEN c€C<N eEN

Hence, b5 N = by N and therefore it follows that b, = bs.
Moreover, b 'b; = b, b5 tbyby € C. Hence, b,C = b,C and therefore b, = b; .
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This proves the claim.

Ad (1). Suppose given g € G. We need to show that there exists (by, by) € By x By such
that bgblc = gC

As B, represents G/N there exists by € By and n € N such that

g =bon .

As Bj represents N/C' there exists by € By and ¢ € C' such that

n =bic.

So, g = bon = bybic. Hence, gC = byb,C.

It remains to show that for (be,b1), (b5, b)) € By x By with bebiC' = o0, C it follows that
baby = bLb) . This follows by the claim. So, Bz represents G/C.

Ad (2). By construction, the map f is well-defined and surjective. By the claim f is
injective.

Ad (3). We show that nl3; represents N/C'. Suppose given y € N. We need to show that
there exist nb; € nB; with nb;C = yC. But, as n~'y € N and B; represents N/C, there
exists b; € By and ¢ € C such that n~ly = bic, i.e. y = nb;c.

Suppose given nby,nb| € nl3; with nbyC' = nbjC. Then b,C = V)C. As B represents
N/C we have b; = U} and therefore nb; = nbj .

Ad (4). We show that Byn represents N/C'. Suppose given y € N. We need to show that
there exist byn € Byn with bynC = yC. But, as yn~' € N and B represents N/C, there
exists by € By and ¢ € C such that yn™! = bicie. y =bic-n=bn nten.
C
€

Suppose given bin, bin € Bin with bynC = binC". Then
n ' tn € C, and so by 'h € nCn~t = C'.
Thus, b,C = b,C. As B; represents N/C' we have b} = b;. So, we have byn = b\n . O

Remark 91. Suppose given (U,a,V) € I . Let L :=Npyo(A(U,a,V)) < HxG. We
have

L = {(h,g) e HxG:heNg(U), geNg(V), Kkl caor?,=a},

gt
pi(L) = {heNyx(U): there exists g € Ng(V) such that k] = aok) oo™},
Po(L) = {g€Ng(V): there exists h € Ng(U) such that ky = o~ o k] oa} ,
Ly, = Cu(U),

L = Ca(V).

g
Proof. We have
L=NgaAU, o, V) = {(hg) € HxG:"IAU a,V)=AU,a,V)}
Y {(hg) € Hx G AU K" oo sl V) = AU, 0, V)}
= {(h,g) € HxG :heNgU), geNg(V), K caor’, =a}.

g™t
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Now,

pi(L) = {h € H: there exists g € G such that (h,g) € L}
= {heNy(U): there exists g € Ng(V) such that xj/ oo k), = a}
{h € Ng(U) : there exists g € Ng(V) such that ] = aok) oca™'}
po(L) = {g € G: there exists h € H such that (h,g) € L}
{9 € Ng(V) : there exists h € Ny (U) such that &/ caor;, = a}
= {g€Ng(V): there exists h € Ng(U) such that k)’ = ™' ok} 0 a}
L, = {heH:(h1lg) €L}
= {he NyU): kY ca=a}
= {he Ny{U): huh ™ =u for u e U}
= Cu(U)

wl = {9eG:(lng) e L}
= {9€Ng(V):aor), =a}
{g € Ng(V): g7 lvg =0 for v e V}

Ca(V) .

Remark 92. Suppose given a subgroup V < G. Then

| Fixa) (G x G)/AV))] _ Nexa(A(V)) : A(V)] _ [Ne(V)]
| Ca(V)] | Ca(V)] V]

Proof. The first equality follows by Lemma 12(3). Consider the second equality. We have

Nexa(A(V)) 2" {(g,h) € Na(V) x Ng(V) : 90 =" for all v € V}

Thus, we have a bijection

Ngxg(A(V)) <l> Cg<V) XNg(V)
(9.7) + (h7'g,h)
(hg,h) <« (g.h) .
Hence,
Nexa(A(V)) : AV)] _ [Ne(V)|-[Ca(V)]
| Ca (V)] IA(V)]- ] Ca(V)]
_ INe(V)]
v
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Lemma 93. Let (U,a,V) € Igg and (V',3,W) € 1§p . Let A C H represent
H/py(Ngxa(A(U,a,V))). Let Bne € Ng(V) represent Ng(V)/Ca(V). Let C C P
represent P/ py(Nasp(A(V', 5,W))).

We make use of the bilinear map (—)G(:) introduced in Definition 87. Recall the definition
of the standard basis consisting of orbit sums in Definition 83(3).

(1) Suppose that V and V' are not conjugate in G. Then

U, a V]ch V' B, Wt p=0.

(2) Suppose that V =1V".
Then

U, 0, VIt o, V. B Wiy > h/(U, a0 kY- 0 B, W) .

(h,g,p) EAXBN,cXC

Note that if V ="V" for some x € G then

—1 ac71
[V/aﬁvw]gxP = [w V7B’W]g><P = [V ky' Vo B, W]gxP

» YT

(3) We have (U, Vfrg - [V', B, WEcp € B (H, P).

(4) For convenience, we suppose that V =V".

Write
idgs gy = D [10idr, Tl -
TeLq
Then
U, 0, Ve idp 20 = [U,, V]
and

ldBé G,G) v ﬁ,W]Z*xP = [V ﬁ’W]JéxP )

Finally, Bz (G,G) is a ring with identity element idza G.c) called the ghost ring of
Z
B2 (G, G).

Proof. Let Bgx represent G/ Ng(V). Let B := {9z : g € Bon, © € By} Then Bg ¢
represents G/ Cg(V), cf. Lemma 90(1).
Claim 1. Suppose that V' = V’. We have
h g
U Vlia= >, (Uroaor W av)
(h,gl)E.AXBG’C

and
VB Wlhp= >, (V"W opBor ™ rw).

77792
(92,p)€BgG,c xC
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The set A x Bg ¢ represents (H x G)/ Stabpxa((U, o, V)) = (H X G)/ Ngxa(A(U, o, V)),
cf. Lemma 84, Lemma 89, Remark 91.

Moreover, Bg ¢ xC represents (Gx P)/ Stabgxp((V, 5, W)) = (GXP)/ Naxp(A(V, B, W)),
cf. Lemma 84, Lemma 89, Remark 91.

Now,
[U7O‘7V]E><G = B _ Z (U,@,V)
(U,d,V)E[(U,OA,V)]HXG
= ¥ UaV)
(h,g1)€AXBg,c
h
= > ("U, k7Y o ao kY 9V)
(h,g1)€./4><BG’C o
and

V.8 Wlip = 2 (V.5,W)

(V,B,W)E[(V,,B,W)]pr
=y @AW

(92,p)€BG,cxC
= Y (Ve gor M W),
(92,p)€Bg,cxC b
This proves Claim I.
Claim II. The sum
Z P/, a0 ,.;;’_1 0B, W) = Z Z h2) (U, v 0 ,{;/_1 o B, W)

(h,g,p) EAXBN,cXC (h,p)€AXC g€BN,C
does not depend on the choices of A, By ¢ and C.

Suppose that By o represents Ng(V)/ Ca(V). It suffices to show that for (h,p) € A x C
we have

Z "D U, 0 k)1 0 B, W) - Z PPN U, a0 kYa 0 B,W) .

9€BN,c g'eBy ¢

We have a bijection ¢y : By ¢ = Bx,c characterised by ¢1(¢')C = ¢'C for ¢’ € B (. -

Suppose given ¢g' € By o . Write g := ©1(g') € By,c - So, there exists ¢ € Cg(V) such
that ¢’ = gc. But then forv e V

Ky (v) = méc)fl(v) =c g vge =g g = Kk (v) .
Hence, /{X,l = m‘g/,,l . Thus, the sum > (hP)(U, o 0 m;/,l o 3, W) does not

(h,g;p)EAXBN,cxC
depend on the choice of By .

Suppose that C’" represents P/ py(Nasp(A(V, 8, W))).
We have a bijection ¢, : C' = C characterised by oy(p')C = p/C for p' € C'.

Suppose given p’ € C'. Write p := pa(p’) € C. So, there exists x € py(Nawp(A(V, 3, W)))
such that p’ = px. Suppose given h € A. It suffices to show that

Z (h’p)(U,CYO/i;ClOﬁ,W); Z (h’px)(U,aOH;/—lo/BaW)-

geBN,c ge€BN,c



95

By Remark 91 we have # € Np(WW) and there exists y € Ng (V) such that ;" = 7 'ok) of3.
So,

Z ( »P‘U (U O[OH 105’ ) = Z (h’p)(U7OéOK/g 1O/BOKI/111W7zW)
9EBN.C 9gEBN,C
= ¥ (hp)(Uozom;/,l ok, 1 0fB,W)
geBN,c
- ge%;vc(hp)(U’aomg/g) 1o B W)

Let yBnc :={yz: x € Bxc}. Then yBy ¢ represents Ng(V)/ Ce(V), cf. Lemma 90(3).
We have seen above that > (U, a0 /f;/,l o 5,W) does not depend on the choice of

g€BN,c

Bn,c - So, we get

> DU aokf, o fW) = > "(UaokY, 0B, W)
gGBN C geyBN,C
= gEBZNC(h’p)(U’O[O/{;/;I O/B’W) .
Thus, the sum > P} (U, v 0 H;/‘l o 3, W) does not depend on the choice of C.

(h,g,p)€EAXBN,cXC
Suppose that A’ represents H/ p;(Nyxa(A(U, o, V))).
We have a bijection ¢3 : A" = A characterised by ¢3(h')A = I A for K € A'.

Suppose given b’ € A’. Write h := ¢3(h') € A. So, there exists x € p;(Nyxa (AU, a,V)))
such that h' = hx. Suppose given p € C. It suffices to show that

Y. MU aerop W)= Y MU a0y 0B W).

geBN,c g€BN,c

By Remark 91 we have 2 € Ny (U) and there exists y € Ng(V) such that £} = avory o™
So,

T aan 0nW) = ¥ IR caan 00w
gebn,c gebN,c
= ; P(U,aco k) ok o, W)
gebn,c
= 96%;\1 ) (h,P)(U’ o K,Z]y_l)_l o f3, W) .

Let Byncy ':i={zy': 2€Byc}. Then Bycy ' represents Ng(V)/Cq(V), cf.

Lemma 90(4). So, as Y. ®P(U ao k1 0 3,W) does not depend on the choice of
g€BN,C

Bn.c , as we have seen above, we get

S BP(U a0 H&y71)71 0B, W) = 3 (h,p)(U, oo KJ}}/*1 of3,W)

geBN,c GEBN,cY~

- ¥ hm(Uam 0B, W) .

ge€BN,c
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Thus, > (hP)(U, v 0 /4,;/_1 o 8,W) does not depend on the choice of A.
(h,g,p)€EAXBN,c*xC

This proves Claim II.
Ad (1). Each summand in [U, o, V1]};, o is of the form

(U, 0, V) = ("U, mh Yoao /<¢V_1V,9V)
for some (h,g) € H x G. Likewise, each summand in [V’, 8, W]t p is of the form
WDV B W) = (VK 2V o Bo R rw)

for some (¢’,p) € G x P. If V and V' are not conjugate in G, we have for g, ¢’ € G that
9V # 9V’ and therefore

U.a Ve V8. Wgp = ( 2. (U a V)> ( 2. V', 8, W))
UaV)el (V8 W)el

€ (Uvavv)]HXG (V/ B, W)]GXP

= 0,
cf. Definition 87.
Ad (2).  We have [U,o, V], o = <h,g1>§xscc(hU’ kY o a0 kYUY 9V)  and
IV, 8, W5, p = o GEB;G CXC(«%V, kg 0 Bor " PW), cf. Claim 1.
By Definition 87, we have
U0 Vi o V.8 Wkp = > M(w, U oaokY oo Ry PW)

(h,gl)EAXBGC |G|
(92.p)€Bg,c*xC
91 '92€NG (V)
| Ca(V)

y el
(h,g1)€EAXBg,c | |
(92,p)€Bg,cxC
91 '92€NG (V)

Using the bijection
Box X Bxe — Bec

(9,2) = gz,
cf. Lemma 90(2), we obtain

Ca(V
3 | Cal( >|hp)(Uozomgfl o B, W)
(h7gl)€AXBG’C |G|
(92:p)€BG,c*xC
91 'g2€NG (V) )
Ca(V
- 1=/ (hp) v
(h’p);"lxc |G| (U7 @e Fd(élxl)*l(gzm) °f, W) .

(91,21,92,%2)€Ba N X Bn,c X Ba,n X BN,
(§171) "1 (G2z2)ENG (V)
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For (f]l, xl,gg,ﬂfg) c BGJ\] X BN,C X BG,N X BN,C we have

@1%1)_1@2%2) eNg(V) e 121 Ng(V) = §oxa Ng(V) © 51 Nag(V) = 32 Na(V) & 61 = G2 -

Therefore, we get

1Ce(V)l ) v
(h p);AXC G| YU ae F(@r21) ™ (ga2) BW)

(91,%1,G2,%2)EBg,N X Bn,c X Ba,n XBn,c
(G121) "1 (G2z2)ENG (V)

_ 5 |CG<V)|( (UaoF& “ig OB? W)

(h,p)eAXC |G|
(g1,71,22)€EBa N XBN,cXBa N

= > > > ‘CG(V)’hP(Uaon g, 0B, W)

(h,p)eAXC gEBG,N (ml,xg)GBN cXBNC ‘G’

_ Z Z ‘CG( )l(hp(UCKO/‘iv_1x 057 )

(h,p)eAXC (:Bl,aiz)EBNycXBNYC ’NG( )|

As for every zy € By the set x;lBNp = {x;lxl : 21 € By} is again a system of
representatives for Ng(V)/ Co(V), cf. Lemma 90(3), and, as we may use the bijection

—1
BN,C X BN,C — |_| Ty BN,C
z2€BN,C

(1’1,1'2) — (I;ll’l,xz),

cf. Lemma 90(5), we get

Z Z M(}%p)((]’aOK‘x/lfer Oﬁ,W)

(h,p)eAXC (xl,mg)EBN’chN’c |NG(V)|

[Ca(V)]
TuE Z e N oo W)
(h,p)E.AXC (IQ,I;1$1)€ |_| I;lBNyc G
za€BN, C
dimzg'o [Ca(V)l i,

Z Z )(U7aol€:‘£/’_1oﬂ7w)

(h,p)EAXC x2€BN,C x’EmQ_IBN,C| G<V)‘

| Ca(V)] [Ng(V)] ), a0 kY, ) 0 8, W)

Claim II
= > >
(hpyeaxce webne | Na(V)]Ca(V)]

= S S (U a0 /g;/,l o3, W) .

(h,p)GAXC QEBNyc

Thus,

U, a, V]HXG V. B, Wlkp = Z ) (U, v 0 m;/_l o8, W) .
(h,9,p)EAXBN,cxC



o8

Ad (3). Recall that Bé(H, P) = Fixgxp(A2(H, P)), cf. Definition 83(3). Suppose that
V and V' are not conjugate in G. Then, by (1), we have

U, e, V]EXG G [V’,ﬂ, W]gxP =0e BZ(H> P).
Suppose that V =9V’ for g € G. We may assume V = V', cf. (2).
By (2) we have

Uo VI VB Wl = Y "(Uack0fW)eAZ(H.P).
(h,g,p)EAXBXC

Therefore, it suffices to show that it is a fixed point under H x P.
Suppose given (h',p') € H x P. Then

(h’7p’) Z (h,p)<U’aoﬁ;“q/71 Oﬁ, W)
(h,9.,p)

€AxXBn,cxC

= Z (h’h,p’p)(U’ la%e; K;/,l o f3, W)
(h,g,p)EAXBN,cXC

— > (ﬁ,ﬁ)(a o /igV_l o3, W)
(ﬁ,g,ﬁ)eh’AXBN’c xp'C

Claim II h v
in 3 DU, a0 kY., 0 B,W)
(h,g,p)EAXBN,c xC

as the set h'A is again a system of representatives for H/p;(Nyxq(A(U,a,V))) and the
set p'C is again a system of representatives for P/ py(Ngywp(A(V, 5, W))), cf. Lemma 90(3).

Ad (4). We show that [U, «, V]ExG'idgé(G & = [U,a, Vi, By (1) and Definition 83(1)
we obtain

[UaavV]ExGéTEZL [T7 idvT]ng = TEZL [UvavV]ExGé [Tv id? T]EEXG
G G
= [Uvaav]JI—rIxGé [V7 id? V]EL}XG :

Note that G/ ps(Nexa(A(V,id, V))) = G/ Ng(V), cf. Remark 91. So, by (2) it follows
that

U0 Vg - Void Vg = S M(Uack).,V)
@ (hng’)EAXBN,CXBG,N
VPV
= Z (hJG)(U, o O K/(pg)*17pv> .

(hagvp)EAXBN,C XBG’N

Using the bijection
Bon X Bne — Bac

(g,2) — gz,
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cf. Lemma 90(2), we obtain

> (U, a0 m(n 1 PV) = S (U oaorY V)
(h,g,p)eAxBN,chaN . (h,g/)GAXBG’C
Claém : [Ua Q, V]EXG :
We show that idga ;o (Vi B, Wk = [V, B, W]E,p - By (1) and Definition 83(1) we

obtain

Z [Tv id7T]_C‘_¥><G G [‘/7 Ba W]EXP = [‘/’ id: V]EXG G [Vva 57W]g><P

TeLg

Note that G/ p;(Ngxa(A(V,id, V))) = G/Ng(V), cf. Remark 91. So, by (2) it follows
that

[V,id, V]ch IV, B, W]pr = > hp)(VFG 103, W)

(h,g,p)EBa,NxBn,cXC

— Z (IGp(VK:hgloB’ )

(h,g,p)EBG,NxBN,cxXC

Since Cq(V)<INg(V), the set {x™! : € B} represents Ng(V)/ Cq(V). So, we have
the bijection
Bon X Bne — Beac

(g,2) = ga™t,
cf. Lemma 90(2). We obtain
(la, p)(hV “h Vo B,W) _ > (9/V, ,i;/,VvV 080 ,@W”W P
(h,g,p)EBG N XBn,cxC (¢'p)€Ba,cxC
Claim I
a: [‘/7 55 W]gxP :

Moreover, by (3) we have for G = H = P that

U, a, V]ch IV, B, W]GxG € B z(G,G) .

The multiplication ( G ) on B@(G, () is associative by Remark 88.

So, Bz (G, Q) is a ring with identity element 1dBZ(G = S T, idr, T) o - O
TeLg

Lemma 94. Recall the Z-linear map
mj e BR(H.G) — By(H.G)

[X] — Z | FiXA(UvO‘vV) (X)l
UaV)elf o | Cu(U)]

(U, V),

cf. Lemma 86.
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(1) Fora € B5(H,G) and b € B5 (G, P) we have

mﬁ,P(a . b) = m%,a(a) p mé,P<b> :
Moreover, méa(idB%(qg)) = idBQ(G,G) , cf. Definition 67, Lemma 93(4).

The map m g : B2 (H,G) — f’)g(H, G) is an injective group morphism with finite
cokernel of order

H [NHXG'(A<U,OZ,V)) . A(U,Oé,V)]
AU, V)ELS o [Cu(U)]
which divides |H x G|/Fiixc!,

We obtain a Q-module isomorphism

Qe mf: BS(H,G) - Bg(H,G) .

~ A
The map mg g : B2 (G,G) — B (G,G) is an injective ring morphism with finite
cokernel of order

H [Ngxg(A(U,CK, V)) : A(U,CK, V)]
AU,V)ELE o ‘ CG(U)'
which divides |G x G|/Féxal.

We obtain a Q-algebra isomorphism

Qemd,:BS(G,G) - Bg(G,G) .

Proof. Ad (1). Without loss of generality we may assume a = [X] and b = [Y] for some
bifree (H, G)-biset X and some bifree (G, P)-biset Y.

We have

mIA{,G(a) p mé,P(b)

| FiXA(Ua V)(X)’ | FiXA(V/ BW) (Y)|
> — (U, V) | - > 5 V', 8, W)
(U,a,V)EII%,G | CH(U)| G (V’,ﬁ,W)EIéyP | Cg(vl)|

| Fixa @,a,1) (X)] - | Fixaw,gw)(Y)| | Ca(V)]

D.87
= > (U,aco B, W)
(U, V)elg | Cu(U)]-[Ca(V)] G|
(V'.BW)EIE p
V=V’
Fi av)(X)| - | Fi Y
_ oy Fxawen ) Fiawsm Wl o)

(U, V)elg o | Cu(U)]- |G|
(V/.BW)EIZ p
V=V’
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Suppose given a basis element (U,~v, W) € Iﬁp of AZ(H,P). Now, the coefficient of
m3 ¢(a) ¢ mG p(b) at (U7, W) equals

Z ’ FiXA(UyomV) (X)‘ ) | FiXA(V,ﬁ,W)(YN
(a,V,B)€l (U, W) | Cu(U)] - |G ’
cf. Definition 79.

We have

|FiXA(U,'y,W) (X X Y)|

m?I,P(aéb) = m%,P([X é Y]) = Z |CH<U)| ¢ (Uafyv W) )

(U W)elg p

cf. Remark 65. So, the coefficient at the basis element (U,~y, W) equals
| FiXA(U;y,W) (X é Y)|
| Cu(U)]

By Lemma 82(2) these two numbers are equal.

We have

md (idpaeey) = mAa((Gx G)/AG)))
| Fixaw.av) (G x G)/A(G))]

= Z (U, a, V) .
(U,a,V)el | Ca(U)]
We have ldBA o) = o T idr, T e = > (U,a, V).
z TelLa TeLe (U, V)E[T,idr,Taxa

The coefficient of idza . A (U,a, V) equals 1 if there exists (g,¢') € G x G such that
z )

(U, o, V) = @9)(T,idy, ) (T, gT, ng,ng) it equals 0 if no such (g ) € G x G exists.
Note that such an element (g,¢’) € G x G exists if and only if & = /fg Y for some g € G.
We have

Fixaw.a) (G % )/A(G))

{(9.9)A(G) € (G x G)/A(G) = (a(v),v)(g,9 )A(G) =(9.9)A forveV}
= {(9.9)A(G) € (G x G)/A(G) : (g7 a(v)g, 9" 'vg') € A(G) for v € V}
= {(9,9)A(G) € (G x G)/A(G) : g 'a(v)g =g 'vg forv eV}
= {(g97 1 16)A(G) € (G x G)/A(GQ) : alv) = 99"y for v € V}.

Hence, the coefficient of mé,G(idB%(G,G)> at (U,«, V) is 0 if « is not given by conjugation
in G.

Suppose that o = RZV’V for some g € G.

Then .
| Fixawe ) (G x G)/A(G))] = HgeG: 9v =19 forve V}

= HgeG: g lgeCa(V)} .
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So,

| Fixaw.a) (G x G)/A(G))| = |§Ca(V)] = 7 Ca(V)| = | Ca(*V)| = | Ca(U)] -
Therefore, if « is given by conjugation in G, the coefficient of mé,a(ing(G,G)) at (U,a, V)
is 1.

Thus, mg ¢(idpg.q)) = idga o)

Ad (2). Let £ be the number of (H x G)-orbits of the (H,G)-biset I(AH7G), cf. Defini-
tion 83(1). Let (U;, o, V;) for i € [1,4] be the orbit representatives therein. Note that
(= L5, ql, cf. Lemma 84.

Choose the numbering of the representatives in such a way that for 7,5 € [1,/] such
that A(U;, i, Vi) <wmxe A(Uj, @4,V;), we have ¢ < j, cf. Definition 10, Remark 11 and
Lemma 84.

Recall the standard basis {[(H xG)/A(Us, oy, V)] : i € [1, 4]} of B3 (H, G), cf. Definition 64
and the standard basis {[U;, a;, Vi .o @ @ € [1, €]} of BQ(H, (), cf. Definition 83(3).

As recalled above, we have for i € [1, /]

| Fixawar) (H x G)/A(Us, s, V)|

my o([(H x G)/A(Us, i, Vi)]) = > CU (U,a,V)
(UaV)erd | Cu(U)]
’FiXA Uj,o,Vj ((H X G)/A(Ulvalvvl))|
= ¥ e Uy 5. Vil -
jemy | Cu(Uy)]

the latter equation following from the fact that mﬁﬁ actually maps to BQ(H ,G), cf.
Lemma 86.

Let M € Z*** be the representing matrix of meG with respect to the standard basis of
BZ(H,G) and the standard basis of Bg(H ,G) numbered as explained above.

Then M is an upper triangular matrix as for 1 < ¢ < j < ¢, we have j £ 4, whence
AU, a;,V;) Laxa AU, ai, V;) and so

| Fixaw;,a,,vy) (H x G)/A(Us, a3, V;))| = 0, cf. Lemma 12(2).
By Lemma 12(3) we get that, for i € [1,¢] and L := A(U;, oy, V5),

Fix;((H x G)/L) = Npxa(L)/L = {(h,9)L € (HxG)/L: L") C L} .

[NHXG(A(UM Qay, VZ)) : A(Ulv Qg V;)]
| Cu(Ui)|

So, the matrix M has diagonal entries
cf. Lemma 12(3).

for i € [1,¢],

So, the map m%,G is injective. The cokernel is of order

. [NHxG(A(Uz‘,Oéi,VI)) : A(Ui704i7vz‘)]
det@) = 11 [Ca(U)]

_ 0 Nuxa(AU, o, V) : A(U, o, V)] |

AU V)ELY & | CH(U)|
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Ad (3). This follows from (2).
Ad (4). Follows by (1), (2) and (3). O

Example 95. In case of G = S, using Magma [6], we obtain the representing matrix

24 12 12 12 12 8 6 6 6 6 6 6 4 3 3 2 1
0 4 0 0 0 06 2222001321
o 0 2 0 0 00200010100 0O0
0O 0 0 4 0 00040020200 0O0
o 0 0 0 2 00O0O02012¢0T1¢01
o 0 0 0 0 20000O0O01CO0O021
o 0 0 0 0 06 000O0O0O0CO0321
o 0 0 0 0 00200O0O0O0T1O0O0°O0
M = o 0o 0 0 0 00O0200001O0°O00¢O0
o 0 0 0 0 00O0OO0OZ2O00O0O0T1QO01
o 0 0 0 0 00O0OO0OO0Z2O0011QO01
o 0 0 0 0 0O0O0OO0OO0OO0OC1TO0O0OO0OTO0O
o 0 0 0 0 00O0OO0OO0OO0OCO0OT1TO0OO0OG®O0T1
o 0 0 0 0 0O0O0OO0OO0OO0OO0OO0OT1TO0OTO0O0
o 0 0 0 0 00O0OO0OO0OO0OO0OO0OO0OT1TQO0T71
o 0 0 0 0 00O0OO0OO0OO0OO0OO0OO0OO0OZ21
o 0 0 0 0 0O0O0OO0OO0OO0OO0OO0OO0OO0OTO071

A
of mg, g, -

2.3.4 An isomorphism for the ghost ring

Notation 96. Let 7 denote a set of representatives of isomorphism classes of finite
groups. We denote by T a set of representatives of isomorphism classes of subgroups of

G.

Definition 97. Recall that I, = {(U,a,V): U< H, V <G, a € Isom(U,V)}, cf.
Definition 83(2).

(1) Write I g = {(U,a,V) €I q:U =T =V}forT € T. Then we have a disjoint
decomposition
]1%,0 = |_| II%,G,T
TeT

into (H, G)-sub-bisets, cf. Definition 18(2).
To see this, suppose given T' € T. We have for (U, o, V) € If ¢ p and (h,g) € HxG
that
hD(U,0,V) = ("U, 5, 0o rlY V).
So, ")(U,a,V) € Iggpas"U=U =T 2V 29V,
Thus, the set I§ ; ;- is an (H, G)-sub-biset of I for T € T.
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(2) Given T' € T, we denote by AZ (H,G) := ZI ; ; the Z-span of the subset I5 ;1
of I . Then we have by the decomposition in (1) that
AZ(H,G) = €D Az 1(
TeT

cf. Definition 83(2). Note that all but finitely many summands are equal to {0} as
1 I%GT is non-empty only if H and G have subgroups that are isomorphic to 7'

Let T € T. We denote by Ag (H,G) := Q®z AZ 1(H, G) the Q-span of the subset
IHGT of [HG Then

AQ(H,G) = @A

TeT

Lemma 98 (decomposition of Bé(G, H)). Write BQT(H, G) = FixHXg(AéyT(H, G)) and
~ A .
Bqr(H,G) = Fixgxa(Ag o (H, G)).

(1) We have

A ~A ~A ~A
BZ (Ha G) = @BZ,T(I—L G) and BQ(Ha G) = @BQ,T<H7 G) :
TeT TeT

Viewing P BéT(H, Q) also as exterior direct sum, we also write (bp)per == 3 by,
TeTA 7 TeT
when by € By (H,G) for T €T.
(2) We have for Ty, Ty € T with Ty # Ty that

~ A ~ A
BZ7T1(H> G) éBz,TQ<Ga P) =

So, for'b € BQ(H, G) and V' € Bg(G, P) we may uniquely write b = 3 by with

TeT
by € BQ,T(H, G) for T €T and V' = 3. by with by € Eé}T(G, P) forT € T. We
TeT
obtain
_ <25T> . (Zgg) b
TeT TeT TeT

(3) Recall the Z-linear map

m: BA(H.G) — By(H.G)
| FIXA UaV (X)'
SSEIEDS C
(U,a,V)eIIgG | H( >|

(U7 &7 V) )

cf. Lemma 86.
For'T € T we have

~A
m§ o =7romge: Bz(H,G) — By.(H,G)

’FlXAUav(X)|
[X] — > (D) U,a,V) .

U V)Elf g p
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Then

~A <A
m%,G = (m%,G,T>T€T : B%(}L G) — Bz(H,G)= T@TBZ,T(Ha GQ)
S
| Fixa,a,v)(X)]
| Cu(U)]

Xl = 2.

Ua,V)Elf g

(U,a, V)

TeT

Proof. Ad (1). Using the decomposition from Definition 97(1) and taking (H, G)-fixed
points in Definition 97(2) leads to the decompositions.

Ad (2). Recall that

(=), (5): AJ(H,G) x A§(G, P) — AJ(H,P)

0 if V£V

((U,Od,V), (V,7ﬁ7W)> = (U7Oé7 V) G (V,767 W) = ‘C‘Gcgr)‘ (U,O& 067 W) itV =V 7

cf. Definition 7.

By Lemma 93(3) this map restricts to a bilinear map

(=) (=) : Bo(H,G) x BZ(G,P) — By(H,P).

Since Ty # Ty it follows for (U,a,V) € If gy and (V',3,W) € I§ py, that we have
VAV as V2T 2T, =2V,
Ad (3). Follows by (1).

[

Definition 99. For T' € T let Inj(T, G) denote the set of injective group morphisms from
T to G.

Note that Inj(7, G) is empty if T is not isomorphic to a subgroup of G.
We denote A := M) for A\ € Inj(T, G). Note that A is an isomorphism from 7" to \(T).

Remark 100. Note that the set Inj(7', G) is a (G, Aut(7"))-biset via
:v-)\-w::/-@fo)\ow

for x € G, A € Inj(T,G), w € Aut(T), cf. Remark 15. In particular, Inj(T,G) is a left
G-set.

Definition 101. We denote by Inj(7, G) the set of G-orbits of Inj(T, ). We denote by
[A] the G-orbit of an element A € Inj(T, G), cf. Remark 100. So,

Inj(T,G) = {[\]: A€ nj(T,G)}.
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Remark 102. Note that E(Tﬁ) is a right Out(7)-set as Inn(7") acts trivially on
Inj(T, G). In fact, for t € T, X € Inj(T) we have

(o ri)(x) = A('z) = OA(2) = K5y, (M(2))

and so

Consequently, ZInj(T, G) is a right Z Out(T")-module.
Lemma 103. Suppose given T € T and XA € Inj(T,G). Then
Stabg()\) = Cg(/\(T)) .

Gl
| Ca(AMT))

In particular, the G-orbit [A] has elements.

Proof. We have

Staba(A) ={g€G:g- A=A} = {geG:rfor=)}
{geG:(k§oN)(t)=At) forallt € T}
= {geG:g\t)=At)gforallteT}=Cg(ANT)) .
O

Lemma 104. Suppose given T' € T and w € Aut(T).

We have the mutually inverse bijections

(Al ﬁ> [Aow]
[pow™] & [u] .

Proof. Suppose given [\, [n] € Inj(T,G) with [A\] = [7]. Then there exists ¢ € G such
that k5 o A = 1) and therefore

[now]= [/@'gGo)\ow] =[Aow].
Thus, ¢ is well-defined.

Analogously, ¢’ is well-defined.

Moreover, ¢ and ¢ are mutually inverse. O

Lemma 105. Suppose given T € T. We have an isomorphism of (H,G)-bisets

fomj(T H) x  (Inj(T,G)® — Ifgr
Aut(T) o

A xo = (MT), Aot p(T)
Aut(T)

Cf. Definition 97(1), Definition 99, Remark 100 and Remark 20.
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Proof. We consider the map

fomi(T H) x (Inj(T,G)* = Tjgr
(A ) = (M), Ao p™ (1)) -

By construction, f is well-defined.

We show that f is surjective.
Suppose given isomorphic subgroups U < H , vV <% @ and an isomorphism V — U.

There exists exactly one T € T such that T = V = U. Choose an isomorphism T — V.

Set A := woaopand pu = 1y o@. Then u(T) = V and N(T) = U. Moreover,
Aojirt=aopopt=aq,cf Definition 99. So, f is surjective.

We claim that for (h,g) € H x G, w € Aut(T) and (A, pu°P) € Inj(T, H) x (Inj(T, G)°P)

we have
"9 f (A, pP)) = F((h-A-w, 0™t g7h)

In fact,
9) £ (A, 5)
= "ONT), Ao i, u(T))

= (M), o X it o i G 0p(T))

= ("\(T), H’;LA(T),A(T) olowow lofilo H;;ETI’),S'M(T)’ Iu(T))

= ("(Aow)(T), ,{Z(Aow)(T)v(Aow)(T) odowow lofito Réuciw)(T)ﬂ(uow)(T), 9(pow)(T))

= ((KH o Xow)(D), K;(Aow)(T)»(Aow)(T) olowow logto K;/ﬁw)(T)vg(uow)(T)7 ("‘ng o pow)(T))
= f((h-A-w,(g-p-w)™P))

= f((h- A w,w™tp®eg7h)).

This proves the claim.
In particular, f((X, u°)) = f((A - w,w™t - u°)). So, the map
frj(T,H) x (Ij(T,G)® — I§ar

Aut(T)
A ox p® e f0 x ) = f((A\ ) = (MT), Ao it w(T))

Aut(T) Aut(T)

is well-defined and surjective, cf. Definition 30.
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As for (h,g) € H x G we have

~

COFN i) = PO = F(( A g ) = F(he )

it is an (H, G)-bimap, cf. Remark 31.
We show that f is injective.
Suppose given A x p°® N x P eInj(T,H) x (Inj(T,G))°? such that

Aut(T) Aut(T) Aut(T)

(AT), Ao i u(T)) = (N(T), N o™ (1)) .

Then we have A\(T') = N(T'). So, there exists w € Aut(7) with X = X\ o w, namely
wi=ATto\.
We have u(T) = p/(T). So, there exists @ € Aut(T) with y/ = pow, namely @ := o ji'.
Moreover,

-1 3 ~—1  ——1

5\0/7/*1:5\/0/1/_

ie. w=w. Thus, N X pP=Xow X (pow)®=XA-w X wl-pP=X x pu>.
Aut(T) Aut(T) Aut(T) Aut(T)

So, fis injective.
Altogether, f is bijective. n

Lemma 106. Let T € T. Suppose given X € Inj(T, H) and n € Inj(T, P). We have a
bijection

Inj(T,G) < Ta(MT),Aoq !, n(T))
po ¥ (Nop Tt u(T), mont)
woalol & (a,V,0).

Cf. Definition 79, Definition 99.

Proof. Suppose given p € Inj(T, G). Then

——1

(o)) =¢ (Ao, u(T),mioq ") =twumo Ao ) ToXd=1ymyon=p.

Suppose given (o, V, ) € Ta(AMT), Ao, n(T)). Note that a0 3 = Ao 7~ '. Then

(o )((a, V. 8)) = p(tvoa™ o)) = (Ao(a™ o X) ™!, (a7 oA)(T),a Todoq 1) = (o, V. B) ,

cf. Definition 79.

So, ¢ and ¢’ are mutually inverse. ]
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Lemma 107. Concerning B;T(H, G), cf. Lemma 98. Concerning Inj(T,G), cf. Defi-
nition 101. Recall that ZInj(T, G) and ZInj(T, H) are right Z Out(T)-modules, cf. Re-
mark 102.

(1) For T € T we have the Z-linear map

~ A - -
TﬁvG’T : By p(H, G) — Homgzou ) (ZInj(T, G), ZInj(T, H)) ,

defined by
(TI%,G,T<G)>([M]) = Z a(,\(T),,‘\oﬂ—l,u(T))[)‘]
NETi(T, )
for a = > aw.avy)(U,a,V) € BQT(H,G) and [p] € Inj(T,G), cf.

(U,a,V)EIﬁ’GYT

Lemma 105. Then TI%G’T s an isomorphism of abelian groups.
We obtain the isomorphism of abelian groups

5A =A ~ — -
The =P her: By(H.G) = @By r(H,G) = @ Homzour) (ZInj(T, G), ZInj(T, H)) .
TeT TeT TeT

A _ A

(2) Suppose given T € T. Suppose given

~ A
a = Z a(U7a’V)(U, O[, V) E Bsz(H, G)

(U, V)EIG ¢ p

and
b= Z b gw)y(V', B, W) € By (G, P) .
(V'.BW)EIS p 1
We have
TI%,P,T(G G b) = TI%,G,T@) o Té,P,T(b) )

In particular, we have

e h) = (@ o2
forae Bé(H, G) and b € B;(G, P), where in the right hand side composition is to
be read entrywise.

(3) Recall that id ;a

B3G6) = 2 1S ids, )& € Bz(G, G), of. Lemma 93(4).

Selq
Let i~déT = WT(idEQ € BQ’T(G, G) forT €T.

We have

(G:G))

(78 6.0 (idg.0)) (1)) = 1]

for [u] € (T, G).
So,
TGA,G(idgg(qg)) = (idZITaj(T,G))TGT :
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Proof. Ad (1). We show that 77 ; 1 is well-defined.

We want to show that the element claimed to be (73 ¢ r(a))([1]) is independent of the
choice of the representative A € Inj(7, H) in each summand and of the choice of the
representative p € Inj(7, G).

Suppose given ], (1] € Tj(T, G) and [X],[N] € Ti(T, ) with [1] = [] and [\] = [V].
Then there exist g € G and h € H such that
u’:ﬁfouand)\':/@hHo)\.

Note that 7' = k""" o f and N = KZ)\(T)’)\(T) o\

It suffices to show that

!
AN (T) Nop' =1,/ (1) = UNT) Mo~ ,u(T))

As a = > aweyy(U,a, V) is an (H, G)-fixed point in A7 (H,G), cf. Defini-
U, V)EIG ¢ p

tion 97(2), we have for (ho, go) € H x G that

a =a h .
(U,OL,V) (hO UiK’hg U,anonv,giolvvgo V)
90

So,
AN (T) Mo =1 ! (T)) A (kAT A TIND) 3o (xIHTIMT) o)1 (G0, (T))
a .
(AT, M TA T oS0 10 01T (7))

= AT dop~ (1)) -

Now we show Z Out(T)-linearity of the map claimed to be 77 ,(a).

Suppose given w € Aut(T) and [u] € Inj(T, G). Note that

-1

(row) ' = (ow) =w o
and w(T) =T. So, we need to show that
!
Y @t tamN = D apmseruryrow]

(N €Inj(T,H) [N €Dnj(T,H)

Using the bijection Inj(T, H) = Inj(T, H), [A] = [Aow], cf. Lemma 104, and substituting
A = A ow, we obtain

2. apmiepturpAowl = X0 avow-1)(m) Vow-toa-1,u(my) V]
N enj(T,H) [N]€nj (T, H)

= Z a(/\/(T)’;\/Ow_loﬂ_17u(T))[)\’] .
[N]€mj(T,H)

So, the map claimed to be 77 ; 1(a) is Z Out(T')-linear.
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Hence, the map T§7G7T is a well-defined Z-linear map.
We show that TI%G,T is an isomorphism of abelian groups.

Define the map
— — ~A
ncr : Homgzouwry(ZInj(T, G), ZInj(T, H)) — By (H,G),

as follows.

Let ¢ € Homgouwr)(ZInj(T,G), ZInj(T, H)) be represented by the integral matrix
(O 1) etmi(r, ), With respect to the Z-linear bases Inj(7', H) and Inj(7, G).

[WE€j(T,G)
So,
()= D byl
N €nj(T,H)
for [] € Twj(T', G).
We set
Tner(t) = > O (AT), Ao i, u(T))
A x poP € Inj(T,H) x (Inj(T,G))°P
Aut(T) Aut(T)

We show that 7/ I%I,GI is well-defined.
Recall that by Lemma 105 we have an isomorphism of (H, G)-bisets

fomj(T,H) x (Inj(T,G)® — Ihar
Aut(T) Y

A X s (MT), Aot u(T)
Aut(T)

First, we show that each summand appearing in the element claimed to be 7/ QG?T(#}) is
independent of the choice of A\ € Inj(T, H) and of the choice of u € Inj(T, G).

Suppose given A\, \' € Inj(T, H) and p, ' € Inj(T,G) with A x  p* =X x p/°P.
Aut(T) Aut(T)

By the bijection f, recalled above, we have (A(T), Ao i, u(T)) = (N(T), N o', i/ (T)).
Therefore, it suffices to show that by ) = by -

As A x p® =X x p/°P there exists w € Aut(7") such that ' = Aow and ¢/ = pow.
Aut(T) Aut(T)

We have, by construction,

Y(lnow) = D by -

[)€Inj(T,H)

Since the map v is Z Out(7')-linear and since we have the bijection

Inj(T, H) = Inj(T, H), [n] — [now] =:[y]
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from Lemma 104, it follows that

P([pow]) = o(lul-

> bppunow]

[n] €Inj(T,H)

= > bprew-1yn]

['1€j(T,H)

where [w] denotes the residue class of w in Out(7).

Comparing the coeflicients at [n] leads to by juow] = byow-1),(u- I particular,

by, i) = browluow] = Bpnowow=11,1) = O[] ) -

Now, we show that the element claimed to be T’ﬁyG’T(@b) lies in BQT(H, G).

Therefore, we need to show that > b, AT, Ao ™, (1))
N S € T | X (Wni(T.G))e

is an (H, G)-fixed point in A2 (H,G), cf. Definition 97(2).

By Lemma 9, applied to the bijection f recalled above, it follows that

2 bl (M(T), Ao ™, (1))

A x pop € Wnj(T,H) x  (Inj(T,G))op
Aut(T) Aut(T)

is an (H, G)-fixed point if and only if for (h, g) € H x G the coefficient by ) at A x  p

Aut(T)
equals the coefficient at (h,g) - (A X pu°P).
Aut(T)
But,
(hg) - (A X p®) = h-(X x pP)-g7
Aut(T) Aut(T)
= h-A x p®.g!
Aut(T)
= h-X x (g-p)®
Aut(T)
= Wlox x (sGopu
Aut(T)

has the coefficient b[nhHOAL[KgGOH] = b)) -
Hence, the map 7’ fLG,T is well-defined.

A :
We now show that 75 o 7 and 7'% 1 are mutually inverse.
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A
Suppose given a = > aw,av)(U,a, V) € Bz p(H,G). Then
U, VIEIf o r
1A A . 1A _ )\
(T HG,T © TH,G,T)(a) = T H,G,T( 1] = ; @(,\(T),,\opfl,u(T))[ 1)
(N enj(T,H)
= > Aot (1)) (A(T), Ao =t u(T))
A x pop € j(T,H) x (Inj(T,G))op
Aut(T) Aut(T)
L.105 s
= Z Qg op f()\ X qu)
A x pop € Inj(T,H) x (Inj(T,G))°P f()\Auf(T)u ) Aut(T)
Aut(T) Aut(T)

= > awav)Ua,V)=a.

(U,a,V)GII%’G’T

Suppose given ¢ € Homg ouw(r)(ZInj(T, G), ZInj(T, H)) represented by (O ) pemmirm,

- o (W]emi(1.C)
with respect to the Z-linear bases Inj(7, H) and Inj(T, G).
Note that for a = > awavy(U a,V) € BQT(H, G) we have
(U, V)EIG ¢ p
TI%,G,T(CL) : [:u] = Z af()\ X MOP)P‘] )
= Aut(T)
[N €Inj(T,H)
cf. Lemma 105.
Now,
A N
(theromaar)®) = TRar( 2 b (AT), Ao it u(T)) )
A X pop € Inj(T,H) x _(Inj(T,G))°P
Aut(T) Aut(T)
= Tﬁ,G,T( > b f (A X uoP))
A X poP € Inj(T,H) x (Inj(T,G))°P Aut(T)
Aut(T) Aut(T)
= (W= X bdyul)=v.
[N elnj(T,H)

A 1A .
So, T g and 7'y ¢ p are mutually inverse.

Ad (2). We have

a-b = > > aw,a, )b gy (U, o, V) : (V' B, W)

“ U V)elfy o r (V! .BW)EIG p 1
D.87 Ca(V
= > a(U,a,V)b(v,ﬁ,m%(U, ao 3, W)
(U V)ETS 6.1 G|
(V' BW)EIR pr
v=v"
D.79 | Ca(V)]
- Z Z a/(U,Oé,V) b(VVva) T (U7 /77 W)
(U W)ETS pp \(@ViB)ETG(Un. W) |G|

= Z c(U,'y,VV) (U7 e W) :

(Uy'YvW)eI]%’P,T

Suppose given [u] € Inj(T, P).
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We have

Using the bijection

Ly oo o

cf. Lemma 106, we obtain for the coefficient of (75 pp(a o b))([n]) at [n]

[Ca(V)]
Clon(r) i (1)) = > () VPV T)
(aV.p)ela(n(T),non~ (1))
| Ca(AMT))]
= 2 A g AP St wt) T ar
AeInj(T,G) G|

Moreover, we have

—
—_
~

(Tﬁ,G,T(a))( ; b(A(T),Z\oﬁfl,u(T)) [A])
A€m)(T,G)

(T gr(a) 0 78 pr (b)) (1))

—
~

= X bamieptumy X Au)mea-tamy 1]

[\ enj(T,G) [nenj(T,H)

= > ( 2 a(n(TmoA—lA(T))b(A(T),Aou—l,u(T))) [n] -
DEmi(T.C)

[n]€Mnj (T H)

The coefficient of (73 ¢ p(a) o 78 p(b))([1]) at [n] is given by

L.103 [ Ca(A(T))]
2 @) gex- A Dam o tum) = 2 ) es - A PO Jon ) |G
[N€nj(T,G) AeInj(T,G)
see above
= ) aop () -

Thus, the coefficients at [1)] are equal and we have 75 p,(a B b) = 1R ar(a) 078 pr(b).

So, for a € BQ(H, G) and b € Bé(G, P) we have
Tﬁ,P(a p 6) =
L.98(2)

(
="
=

(

S
=
N
!
—~
@2
=
=
!
m
=

r(mr(0)))rer

GA (0))rer

Tﬁ,o(&) p(l;) :
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as the multiplication in the codomain is given by componentwise composition.
Ad (3). Suppose given [u] € Inj(T,G). We have

~ A

idG,T = 7TT( Z [S,idS,S]ng)
SeLg
= (Y > (U,a,V))
SeLe (U, V)€[S,ids,Slaxa
= > (U,a, V) .
SeLe (Ua,V)€E[S,ids,Slaxa
ST
Write Z Z (U,O[,V) = z CL(Uﬂ,\/)(U,Oé,V) ’
SE%G (U,a,V)€[S,ids,Slaxa (Uva’v)elfl,G,T

The coefficient of i~dg’T at (U,«,V) equals 1 if there exists (g,¢') € G x G and S € Lg
with S = T such that (U,, V) = @9)(S,idg, S) = (95, 525;15,9/5) ie.99=U,95=V

AT
and o =k,_;.
99

It equals 0 otherwise.

We have

~A
(TGA’,GI(IdG,T))([,u]) = Z a(,\(T),Z\oﬁfl,y(T))[)‘] .
N ej(T,G)

Now () sop-1u(r)) €quals 1 if and only if (A(T), Ao gt u(T)) = (45, ﬁ;‘;,’:s,Q,S) for
some (g,¢') € G x G and S € Lg with S = T.

If this is the case, then Ao g~! = ij,’ilS, hence \ = mfg,,l o i and therefore A\ and pu lie
in the same G-orbit and so [A] = [u].

Conversely, if [A] = [u] we have ag, ) fop—1,u(1) = AT iy () = 1

Thus,

(18 .r(dg.r) (1)) = 1] -

So, we obtain

Té,G(idgg(qg)) = (Té,G,T(WTA(idgé(Gg))))TET
= (TGA’,G,T<idG,T))T€T
= (idzTnj(T,GQTeT .

2.3.5 The Theorem of Boltje and Danz

Theorem 108. ([1, Theorem 5.5|) Recall that H,G and P are finite groups. Concerning
7, ¢f. Lemma 107. Concerning m, cf. Lemma 9/.

Let

A . _A A
g = THg°Mpa -
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The following diagram commutes.

BZ(H,G)

/THG @THGT\

B,(H.G) = @ By(H.G) @ Homg our)(ZInj(T, G), ZInj(T, H)
TeT TeT
(1) We have

oG Bz (H,G) — T@rHomzout(T)(ZI_nj(T, G), ZInj(T, H))
S

| FIXA(A(T) Nofi—1 M(T))(X )|
X] — ([M] > [A]EIHZJ%T’H) CrONT)) N)TET .

(2) Fora € B5(H,G) and b € BZ (G, P) we have
UI%,P(G p b) = O-I%,G(a) o Ué,P(b) )
where in the right hand side composition is to be read entrywise.

(3) The Z-linear map UIA,,G s an injective group morphism with finite cokernel of order
Nuxa(AU, o, V) : AU, , V)]
11

AU V)ELS o | CH(U)|

, which divides |H x G|/Fixal.

(4) We obtain a Q-module isomorphism

Q® ogy ¢ - By(H,G) — @) Homq owr) (QIj(T, G), QInj(T, H)) .

TeT

(5) The map

0Ga Bz(G,G) — THTEndZOut(T)(ZI_IU(TaG))
S

| FixXa (1) xopi—1 (X)]
[X] s [,U] s ; ( g) MTM(T)) [)\]
N ej(T,G) | G( ( )‘ TeT

s an injective ring morphism with image of finite index of order
N A CA
11 Noxc(AU, V) (U,oz,V)]; which divides |G x G|/£6xa.
AU, V)ELS o ’ CG(U)|

The multiplication in the domain is given by ( B ) and the multiplication in the

codomain is given by componentwise composition ( o ).

(6) We obtain a Q-algebra isomorphism

Q® o5 By(G,G) = [] Endqowmn (QmI(T,G)) .
TET
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Proof. Ad (1). We have for [X] € B5(H, G) that

UIA{,G([X]) = THGOmHG ([X])
L.98(3), L.1 | Fixa(,a,v)(X)]
= @THG’T |C ") (U,O./,V)
TeT UaVGIHGT H( )‘ TeT
Fi o X
L.107(1) (1] Z | XA(A(é‘) ofi T,u(T))( )| I\ .
et 1CaOD))] -
Ad (2). We have for a € B4 (H,G) and b € BZ(G, P)
UHP(aéb) = (Tﬁpomﬁ,zﬂ)(aéb)
L.94(1)
2 (3 ala) - mp(0)
L.107(2)
= ﬁc(mﬁ,c(a)) © TGAP(mé,P b))
= (Theompg)(a)o(8pomgp)(b)
= opgla)oagp(d)

Ad (3). As the map 77 is an isomorphism, cf. Lemma 107(1), and as

A A A
THGOMya =0pa >

the assertion follows as m%  : B2 (H,G) — ]~3§(H , G) is an injective morphism of abelian

N A t A
groups with finite cokernel of order IT Nixc(AU.a V) : AU, o, V)
N [Ch (0]

divides |H x G|/%fixal| cf. Lemma 94(2).
Ad (4). This follows by (3).

, which

Ad (5). By (3) the map o0& is a Z-linear map.
By (2) we have for a € B5(G,G) and b € B3 (G, G) that

é (a b) = Og, G( )o Ué,G(b) .
Moreover, we have

o é,G(idB%(G,G)) = (, é G° mé ) (idBé(G,G)>
L.94(1)

e}
—~

TGG(ld A GG))

L.107(3)
= (1dz171j (T,G) )reT -

J

So, 0& ¢ is a ring morphism.

Ad (6). This follows by (5). O
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2.4 The bifree double Burnside ring B (Ss, S3)

Example 109. By Example 75, we know that Bz(S3) KN BZ(Ss, S3) is a ring isomorphism.
So the ring B5(Ss, S3) is well-known.

For sake of illustration of Theorem 108, we nonetheless aim to determine the image of
BZ(Ss3, S3) under 08, g, -

Recall from Example 75 the subgroups
Up=1,U; ={((1,2)), Uy ={((1,3)), Us = ((2,3)), Uy = ((1,2,3)) and Sz of S3
as well as the Z-linear basis

([(Ss xS3)/A(L)], [(Ss > Ss)/A(U)], [(Ss x Ss)/A(U4)], [(Ss x S3)/A(Ss)])

of B%(Sg, Sg)

Write Cy := (¢ : ¢3) and C3 := (c3 : ¢3).

Note that in this particular case, we may replace 7 by
7-83 = {]-7 CZ; C37 83}

in Theorem 108, cf. Notation 96, Definition 99, Definition 101.
Note that Out(7") is trivial for T € Ts, \ C3 and that Out(Cj) = Cs .

We have

nj(1,S3) = {1+~ id} ~ Inj(1,S3) = {[1+id]}
Inj(C2,S3) = {2 (1,2), ca = (1,3), e (2,3)} ~  Inj(C2,S3) = {[e2 > (1,2)]}
Inj(Cs3,S3) = {c3 (1,2,3), e3> (1,3,2)} ~  Inj(Cs,S3) = {[es+> (1,2,3)]}
Inj(S3,S3) = {x% :z € S3} ~  Inj(Ss,Ss) {[ids,]}

Note that Endg(ZInj(Cs, S3)) = z(idzi(0, 54)) and thus

Endz out(cs) (ZInj(Cs, S3)) = Endz(ZInj(Cs, S3)) -

Moreover, we may identify

Endz(ZInj(1,S3)) = Z, Endz(ZInj(Cs, S3)) = Z, Endz(ZInj(Cs, S3)) = Z, Endz(ZInj(Ss, Ss3)) = Z.
The map USA3733 from Theorem 108 decomposes into

O-SA[;,SS = (mr o UsAg,,sg,)TeT = (UsAg,sg,T)TeT .
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Ad 0§, g, ,. We consider the map

08,1 BZ(S3,83) — Endz(ZInj(1,Ss)) = Z
Fi X
X] - ([1 — id] %[1 — id] = ’16'[1 |—>id]) = % .
We obtain
08 s,1([(S3xSs)/A(1)]) = 6,
08 6,1 ([(Ss x S3)/A(UY)]) = 3,
08, 5,1 ([(Ss X S3)/A(UY)]) = 2,
08 5,1 ([(S3 % S5)/A(S3)]) = 1.
Ad 0§, g, ,- We consider the map
USA;;,Sg,Cg : B%(Sg,Sg) — Endz(ZE(CQ,Sg)) = 7
Fixaw,) (X Fixaw,) (X
X |l 0,2 2 o | - a0l
—
We will calculate
08, 55,0, ([(S3 x S3)/A(1)]) = 0,
08 s5.0,([(S3 X S3)/A(UL)]) = 1,
08, 550, ([(S3 X S3)/A(UL)]) = 0,
08, 5.0, ([(S3 X S3)/A(Ss)]) = 1.
In fact, we have
| Fixan (S x S3)/A1)] 2 o,
r92 | Ny (U1)]] Csy(Un)|

| Fixa(wy) ((S3 x S3)/A(UL))] =2,

U1 |

| Fixagy (s x S5)/AU))] "2 0
and
| Fixxa(w,)((Ss % S3)/A(S3))]
= |{(9,h)A(S3) € (S3x S3)/A(Ss) : (u,v)(g,h)A(S3) = (g9, h)A(S3) Y(u,v) € A(U1)}|
= |{(g,h)A(Ss) € (S5 % S3)/A(S3) : (¢ "u," "v) € A(S3) V(u,v) € A(Uy)}]
= |{(g,h)A(Ss) € (S5 x S3)/A(Ss) : (7 7(1,2)," " (1,2)) € A(S3)}]
= [{(g,h)A(Ss) € (S5 x S3)/A(S3) : ¢ (1,2) ="7'(1,2)}
= |{(g9,h)A(Ss) € (S3x S3)/A(S3) : hg™" € ((1,2))}]
= [{(id,id)A(S), (id, (1,2))A(S3) }| = 2
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Ad JSAS S5.C5+ We consider the map

08 s,.c, 1 BZ(S5,S3) — Endz(ZInj(Cs, Ss)) = y/
. | Fixawy (X)] | Fixawy (X))
(X] = |les—(1,2,3)] — TCs, (U les— (1,2,3)] | = —s
\—25—/
We will calculate
08, 55.05([(S3 X S3)/A(L)]) = 0,
08, 55,05 ([(S3 X S3)/A(UL)]) = 0,
08, 85,05 (53 X S3)/A(U)]) = 2,
033,53,03([(83 x S3)/A(Ss)]) = 1.
In fact, we have
| Fixaw,) (S5 x S5)/A1)] 27 0
| Fixay((Ss x 83)/AU)| =2 0,
[Fixaw (8 x So/awa)| "2 Relluimlol g
and
| Fixaw,)((Ss x S3)/A(S3)))|
= {(g,h)A(S3) € (S5 x S3)/A(S3) : (u,v)(g,h)A(S3) = (g9, h)A(S3) V(u,v) € A(Us)}|
= {(g,h)A(Ss) € (S5 x S3)/A(S3) : (¢ u," v) € A(S3) V(u,v) € A(Uy)}
= |{(g,h)A(Ss) € (S5 x S3)/A(S3) : ¢ (1,2,3) =""(1,2,3))}]
= (g, h)A(Ss) € (S xSs)/A(Ss) hg~t € ((1,2,3))}]
= [{(id,id)A(S3), (id, (1,2, 3))A(S3), (id, (1,3,2)) A(S3) }| = 3
Ad O'SAS S3.9;- We consider the map
08 5,5, - B2(S3,83) — Endz(ZInj(Ss, S3)) — y/
: | Fixasy) (X)), [ Fixasy) (X)) -
I e e ) IR D
We will calculate
78,505 (83 % S2)/AQD)]) = 0,
053,53,53([(33 x S3)/A(Uy)]) = 0,
08,84, ([(S3 X S3) JA(U)]) = 0,
08,84, ([(S3 X S3)/A(S3)]) = 1.



In fact, we have

After identification, we may write
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Le)
Lize)
ro2 | Ns,(Ss)l[ Cs, (Ss)]

=1.
| S3 |

0’A —_
B2(S3,83) =% [] Endzown)(ZInj(T,G) =ZxZx Z X Z .

TeTs,

The image of B%(Sg, S3) under USAB s, 18 given by the span of the columns of

o O O D

considered as elements of Z x Z x Z X 7 .

For x € Z**! we have

.Tt

=

S O = W

A-

™\ 7~

™\ 7~

4x4
e 7,

S N O N
e e

= (x1, 2, 23, 24) € Im(0§,5,) < there exists y € Z*! with z = Ay

1 -3 -1 3
1x€Z4X1<:)1 0 6 0 =6 Cr e ZAx1
610 0 3 -3
0O 0 0 6
T1—3r9 —x3+3x4 =g 0
6xy — 62y =g 0
3r3—3xy =¢ 0
6rs =g O
1 — 3Ty —x3+3x4 =9 0
1 —3x9 — a3+ 34 =3 0
T3+x4y =2 0
T+ Tyt+ax3+rs =2 0
Ty —2x3 =3 0
T3t+x4 =2 0
Tr1 =2 X2
T3 =2 T4
T =3 3.
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: A
Less formally, we write the isomorphism O’SAS S llm(oss’sz) of rings as follows.

B%(S;;,Sg) = (w1, 00,13, 204) EZXZ XL XL 1) =5 1y, T3 =9 1y, T1 =3T3}

®)
= 262\2@2

We will illustrate the index formula in Theorem 108(5).

We have chosen L§, s, = {A(1), A(Uh), A(Us), A(S3)} in Example 75 as set of represen-
tatives of conjugacy classes of twisted diagonal subgroups of Sg x Ss.

Theorem 108(5) states that the index of im(o§} g,) in Z X Z x Z x Z is given by

H [N33X83(A(U,Q,V)) . A(U,Oé,V)]

ATaVIECS o, [, (U)]

[Ns; x5 (A1) : A [Ns; 55, (AUL)) : A(UL)]

| Cs.(1)] | Cs. (U1)|
INs; x5 (A(Us)) - A(Us)]  [Ns, x55(A(S3)) = A(Ss)]
| Cs, (Us)] | Cs,(S3)]
ro2 | Nsy(1)] [Nsy(Ur)] | Nsy(Us)| | Ns,(Ss)l
1 Ui U | Ss |
= 6-1-2-1
= 12
6 3 2 1
1 1
which is the same as | det 0 X |
00 21
0 001



Chapter 3

The bifree double Burnside ring B (S,, Sy)

Let U, V be subgroups of Sy.

We have the subgroup Inng,(V) = {s} : g € Ng,(V)} < Aut(V), cf. Notation 43,
Remark 44.

We have the (Inng,(V'), Inng, (U))-biset
Isom(V,U) ={V %c U : f is an isomorphism of groups} ,
cf. Remark 45.

Following Boltje and Danz, we have given an embedding of the bifree double Burnside ring
Bé(S4, Si) =Q (}Zb BZ(S4,S4) via a direct product of endomorphism rings of permutation

modules over outer automorphism groups of subgroups of Sy, cf. Theorem 108. In this
chapter, we use this embedding in order to describe an isomorphic copy of B%(S4, Sy) as
a subring of a product of matrix rings over Z via congruences of matrix entries.

3.1 Preparations

Using the computer algebra system Magma [6], a system of representatives for the conju-
gacy classes of subgroups of Sy is given by

U1 = 1

Uy = <(1a2)>

Us := <(1a2)(374)>

Uy, = ((1,2,3))

Us = ((1,2)(3,4),(1,3)(2,4))
Uy = ((1,2,3,4))

U; = ((1,2), ( 4))

Ug = <(1 2) ( )>

Uy = ((1,2,3,4),(1, 4)(2 3))
Ui = ((1,2,3),(1,2)(3,4))

Up = <( ) )7(1 2,3 4))

83
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Lemma 110.

We have the following presentations.

Co := {cy : c3)

Co

CQ = <C2 . C%>

Ca

Cs := (c3: c3)

C3

Cy x Cy := (a: a®) x (b:b?)
a

b

Cy = {cq: c})

Cy

CQXCQZ<(IZCL2> X <bb2>
a

b

SY = (r,s: 13,82, (s1)?)
,

s

Dg := (d,t : d* %, (td)?)
d
t

AV =z, y 2,92, (yx1)3)

w
~—

SE = (v, w : vt w?, (vw)

g <

11 11 11k 11l 1l 11k

<
[
=

11

Uy
(1,2)

Us
(1,2)(3,4)

Uy
(1,2,3)

Ug = Sg
(1,2,3)
(1,2)

Uy
(1,2,3,4)
(1,4)(2,3)

UlO = A4
(1,2,3)
(1,2)(3,4)

Ull - S4
(1,2,3,4)
(1,2)
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Proof. As
( 9 )2 (17 2)(374)2 - 1d7
(1,2,3)° = (1,3)(2,4)° = id,
(1,2,3 1)t = (3,4)? = id,
((1,2,3) 0 (1,2))* = (1,3)% = (1,4)2,3)? = id,
((1,4)(2,3) 0 (1,2,3,4))* = (1,3)* = ((1,2)(374)0(1,2,3)‘1)3 = (1,4,3)° =1id,
((1,2,3,4) 0 (1,2))° = (1,3,4)° =
the maps r; for i € [2,11] are surjective group morphisms.
Using the computer algebra system Magma [6] we obtain
[Us| = |Us| = |Cql,
\Usl = |Cs],
Us| = |Us| = |U7] = [CoxCy|=|Cyl,
\Us| = [{r,s:73 s (sr)?)],
[Us| = [Dsl,
Uwol = [,y 2?2 (yz )3,
Un| = [(v,w: 0", w?, (vw)?)| .
Therefore, r; is bijective for i € [2, 11]. O

Remark 111. Forming isomorphism classes in {U; : i € [1,11]}, we obtain

{Ul}v {U27U3}7 {U4}> {U57 U7}7 {U6}7 {U8}7 {UQ}v {U10}7 {Ull}?

cf. Lemma 110.

3.2 Z-linear basis of BZ(S,, Sy)

We want to use Lemma 85 to construct a Z-linear basis of B5 (S, S4), cf. Definition 67.

Lemma 112. For i € [1,11] \ {7,9} we have Inng,(U;) = Aut(U;). In particular, the
(Inng, (U;), Inng, (U;))-biset Isom(U;, U;) = Aut(U;) is transitive, hence its only orbit can
be represented by idy,, cf. Notation 43, Remark 45 and Lemma 46.

Proof. 1t suffices to show that Aut(U;) C Inng, (U;) for i € [1,11] \ {7,9}, cf. Remark 44.
Ad Uy, Uy, Us .

We have Inng,(U;) = 1 = Aut(U,), Inng, (Uz) = 1 = Aut(Us), Inng, (Us) = 1 = Aut(Us).
Ad Uy .

The only nontrivial automorphism of Uy is given by

f Uy — Uy, (1,2,3)'—> (1,3,2) .
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But, we have f = Ii?ﬁz) € Inng, (Uy). So, Inng, (Uy) = Aut(Uy).
Ad Us .

The subgroup Us has the presentation {(a : a®) x (b : b?), cf. Lemma 110. Every automor-
phism of Uj is of the form

Pk,lm - Us = Us
xo = (1,2)(3,4) — x4
zy:=(1,3)(2,4) — x
g = (1,4)(2,3) — xp

for k,1,m € {2,3,4} such that {k,l,m} = {2,3,4}.
Then @p1m = Y5 for grim : [1,4] = [1,4, 1= 1,2—k 3= 1,4 m.

9k, l,m

Note that Ng,(Us) = S4. So, we obtain
Aut(Us) = {@rim : {k,l,m} ={2,3,4}} = {/{?}il’m Ak, l,m} ={2,3,4}} C Inng,(Us) .

Ad Us .
The only nontrivial automorphism of Us is given by
f:Us—Us, (1,2,3,4)— (1,4,3,2) .
But, we have f = '4“'?1672)(3,4) € Inng, (Us). So, Inng, (Us) = Aut(Us).
Ad Uy .
Note that Aut(Ug) = Inng, (Us). As Inng,(Ug) C Inng, (Us) the assertions holds.
Ad Uy .

The subgroup Uy has the presentation (x,y : 2 y? (yz=!)3), cf. Lemma 110. Since
automorphisms map generating tuples to generating tuples, this means there are at most
8-3 = 24 automorphisms of Uyy. Note that Ng, (Uyg) = Sy4. Consider the group morphism

T S4 — Aut(Uw)
qg = ligUlO ,

cf. Remark 44.

We have g € ker(n) if and only if g € Cg, (Uyp).

Magma [6] gives Csg,(Uyo) = {id}, thus 7 is injective. So, Sy = im(7) = Inng,(Uyp). As
|Aut(U10)\ S 24 we obtain that IDDS4(U10) = Aut(Ulo) = S4.

Ad Uy .

Note that all elements of order 4 in S, are conjugate. Note that for a given element v of
S4 of order 4 we have |[{w € Sy : |[(w)| = 2 and |(v,w)| < 24}| > 3. Since automorphisms
map generating tuples to generating tuples, there are at most 6 - 6 = 36 automorphisms

of U11.

Consider the group morphism
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© : S4 — AUt(UH)

Ui
g )

g — K
cf. Remark 44. Since Cs,(Uy;) =
Sy = im(p) = Inng, (Uy;). Since 24 <
conclude that Aut(U;;) = Inng, (U;) = Sy

{id} the group morphism ¢ is injective and
Aut(Uyy)| < 36 and 24 divides | Aut(Uyy)|, we
Sy O

Lemma 113. The (Inng,(Ur), Inng, (Uz))-orbits in Isom(Ur, Uz) = Aut(U;) are repre-
sented by idy, and

o7 U, — U;
id —id
(1,2) = (1,2)(3,4)
(3,4) = (1,2)
(1,2)(3,4) — (3,4

Proof. The subgroup U; has the presentation (a : a?) x (b : %), cf. Lemma 110. Since
automorphisms map generating tuples to generating tuples, there are at most 3-2 = 6
automorphisms of U;. We have the automorphisms

idgs, : U, — Uy Py : U, — Uy
id —id id —id
(1,2) = (1,2) (1,2) = (1,2)(3,4)
(3,4) — (3, (3,4) = (1,
(1,2)(3,4) — (1,2)(3,4), (1,2)(3,4) — (3,4),
03 U, — Uy 04 U, — Uy
id —id id —id
(1,2) = (3,4) (1,2) — (1,
(3,4) — (1,2) (3,4) = (1,2)(3,4)
(1,2)(3,4) — (1,2)(3,4), (1,2)(3,4) — (3,4),
Vs : U — Uy Vg U, — Uz
id — id id —id
(1,2) = (3,4) (1,2) = (1,2)(3,4)
(3,4) = (1,2)(3,4) (3,4) = (3,4)
(1,2)(3,4) — (1,2), (1,2)(3,4) — (1,2

So, Aut(Uz) = {idy, } U {p; : i € [2,6]}. Note that (pq)* = idys, that (3)? = idy, and
that (g3 0 ¢2)? = idy, and therefore Aut(U) = Sz, cf. Lemma 110.

As 132D (1 2) = (3,4) and B3I (3 4) = (1,2), we have (1,3)(2,4) € Ng,(Uz). More-

over,
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£3 = (i3 idu;
P = P20 K500
P5 = Kz © 20 Kl e
P = K340 P2

As 9 is not given by conjugation in Sy, the (Inng, (Ur), Inng, (Uz))-orbits of the elements
idy, and @9 are disjoint. So, the (Inng,(Ur), Inng, (Uz))-orbits in Aut(U;) can be repre-
sented by idy, and @7 := 5. O
Lemma 114. The (Inng,(Uy), Inng, (Uy))-orbits in Isom(Uy, Uy) = Aut(Uy) are repre-
sented by idy, and

Py - Uy — Uy
(1,2,3,4) = (1,2,3,4)
(1,4)(2,3) — (2,4).

We have Inng, (Us) = Inn(Uy) = {2, k U9 892 3.4); /131972)(3,4)}.
U Us U U U
We have Aut(Uy) = {idy,, k" K3y K234 (1 2)34) P B(13) © P B(L2s4) © P K ayz.a) © P)-

Proof. We have Uy = {id, (1,2,3,4),(1,4,3,2),(1,2)(3,4), (1,3)(2,4), (1,4)(2,3), (1,3),(2,4) }.
Note that the two elements of order 4 in Uy are conjugate in Uy. Note that given an
element d of order 4 in Uy, the element d? is of order 2 and |(d, d?)| = 4.

As Uy can be presented by (d,t : d*, ¢, (td)?), cf. Lemma 110, and as automorphisms map
generating tuples to generating tuples, there are at most 2 - 4 = 8 automorphisms of Uy .
Consider the automorphisms

idU9 : U, — Uy Q : Uy — Uy
(1,2,3,4) — (1,2,3,4) , (1,2,3,4) — (1,2,3,4)
(1,4)(2,3) — (1,4)(2,3) (1,4)(2,3) — (2,4).

As ¢ is not given by conjugation in Sy, the (Inng,(Us), Inng, (Uy))-orbits in Aut(Us) of
the elements idy, and ¢ are disjoint.

Note that Ng,(Us) = Uy. The group morphism v : Uy — Aut(Uy), g — /£U9 has the kernel

Cu, (Ug) = ((1,3)(2,4)). We have /fi[{f = /1?193)(2 1) ?9 3 = %4)7 /12]19727374) = Ii€]1432) and
Uy _ ,.Ug
Fa2y3.4) = F14)2,3)

Therefore, we have the group of order 4

im(y) = Inng, (Uy) = {“Ug g€ Ugt = {Hld ) (1 3)’ "5?19,2,3,4)> “?19,2)(3,4)} :
In particular, Inng, (Ug) = Inn(Uy).
We obtain the eight different automorphisms of Uy:

. Uy . Uy . Us .
idyy , Ky 1oy, Koz 0 1duy s iy s ©idus

U U U
P K13 0%, Kz ©¥ s Kilyea°¥-



89

Hence, | Aut(Us)| = 8 and the (Inng, (Uy), Inng, (Uy))-orbits in Aut(Uy) can be represented
by idy, and g := ¢. O]

Lemma 115. The only (Inng, (Us), Inng, (Us))-orbit in Isom(Us, Us) is represented by
P23 : U2 — U3

id +— id
(1,2) — (1,2)(3,4) .

The only (Inng, (Us), Inng, (Us))-orbit in Isom(Us, Us) is represented by

P32 - Us — U
id —id
(1,2)(3,4) = (1,2).

Proof. We have Inng, (Uy) = Aut(Us), cf. Lemma 112.

By Lemma 46, Isom(Us, Us) is a transitive (Inng, (Us), Inng, (Us))-biset and Isom(Us, Us)
is a transitive (Inng,(Us), Inng, (Us))-biset. O

Lemma 116. The (Inng,(Us), Inng, (Uy))-orbits in Isom(Us, Ur) are represented by

©75 Uz — Us
id —id
(1,2)(3,4) — (1,2)(3,4)
(1,2) = (1,3)(2,4)
(3,4) = (1,4)(2,3)

The (Inng, (Uz), Inng, (Us))-orbits in Isom(U;, Us) are represented by

©5,7 Us — Uy
id —id
(1,2)(3,4) = (1,2)(3,4)
(1,3)(2,4) — (1,2
(1,4)(2,3) — (3,4) .

Proof. We have Inng, (Us) = Aut(Us), cf. Lemma 112.

By Lemma 46, Isom(Us, U;) is a transitive (Inng, (Us), Inng, (Ur))-biset and Isom(Uz, Us)
is a transitive (Inng, (Uy), Inng, (Us))-biset. O
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Corollary 117. We obtain the Z-linear basis B :=

= (Sa % S4)/A(U)], [b2 := (S4 x S4)/A(U)], [b3 := (Sa % S4)/A(U3)],
S1 x S)/A(Us)], [b5 := (S4 x S4)/A(Us)], [b6 == (Sa % S4)/A(Us)],
Sa x S4)/A(U7)], [b7 == (84 x 84)/A(Ur, 7, Ur)l,  [bs := (Sa x S4)/A(Us)],
Sa x S4)/A(Uy)], [bg = (S4 % 84) /AUy, 9, Ug)l,  [b1o := (Sa % S4)/A(Uno)],
= (84 % S4)/A(U11)], [b32 := (S4 X S4)/A(Us, 2,3, Us)], [b2,3 := (S4 X S4)/A(Uz, 3,2, U3)]
= (Sa % S4)/A(Us, 015, U7)], [brs := (Sa x S4a)/A(Ur, 57, Us)]

of BZ(S4,S4).

Proof. By Lemma 85, Lemma 112, Lemma 113, Lemma 114, Lemma 115 and Lemma 116
we have a system of representatives for the conjugacy classes of twisted diagonal subgroups

of S4>< 841

A(lh), A(Ua), A(Us), A(Us),
A(Us), A(Us), AUy ) A(U w7, Ur)
A(Us), A(Uy), A(Us, 9, Ug), A(Uso),
A(U ) A(U37S02 3,U2) A(U27€03 2,U3) A(U5,<P75, U?)
A(Uz, 5,7, Us).
By Definition 67 we obtain the claimed basis. m

3.3 Wedderburn image of B (S, S,)

Remark 118. Note that we may replace 7 in Theorem 108 by
7§4 - {17 C27 C37 C47 C2 X CQ; Sgres, Dg, Aires, S4} ,

cf. Notation 96, Definition 99, Definition 101, Lemma 110.

3.3.1 Preparations

Lemma 119. Concerning Inj, cf. Definition 99 and Definition 101. Concerning presen-
tations of subgroups in Ts,, cf. Lemma 110.

1) We have Inj(1,S,) = {[1 — id]}.

3

(1) (
(2) We have Inj(Cy,Sy) = {[ca + (1,2)], [c2 = (1,2)(3,4)]}.
(3) We have Inj(Cs,S4) = {[c3 — (1,2,3)]}.

(4) (

4) We have Inj(Cy,Sy) = {[cs — (1,2,3,4)]}.




91

(5) We have Inj(Cy x Ca,S4) =

(6) We have Inj(S5™,S4)

I
—N—

— B — (1,2,3,4) d — (1,2,3,4)
(7) We have Inj(Dg,Sy) = {[ o (1,4)(2,3) ] ; [ P (2.4) ]} .

(8) We have Inj(A}™™,S,) = { [ z = (1,2,3) ] } .
Yy =

(9) We have Tnj(S4,Ss) = {[ids,]} -

Proof. Ad (1). We have Inj(1,S,) = {1 + id} and therefore Inj(1,S,) = {[1 > id]}.
Ad (2). We have Inj(Cq,S4) = {Co — Sy, 2 — g : g € Su,[{9)] = 2}. As every

transposition in S, is conjugate to (1,2) and every double transposition in S, is conjugate
to (1,2)(3,4) it follows that

I_nj(027 84) = {[02 = (1’ 2)]7 [02 = (17 2)(374)]} :

Ad (3). We have Inj(Cs,S4) = {C3 — S4, c3— g : g € S4,[(g9)] = 3}. As every 3-cycle in
Sy is conjugate to (1,2, 3) it follows that

I_IU(C3,S4) = {[CS = (1a273)]} :

Ad (4). We have Inj(Cy,Sy) = {Cy — S4, ca— g : g € Su|{(g)| = 4}. As every 4-cycle in
S, is conjugate to (1,2, 3,4) it follows that

I_Ilj(C4,S4) = {[04 = (1727374)]} :

Ad (5). Let 5: Cy x Cy — Sy be an injective group morphism. As Cy x Cy Zim(f) < Sy
it follows that im(3) € {9Us,9U; : g € Sa} = {Us,%Uz : g € Sy4}. As we are interested in
the G-orbits of Inj(Cy x Cy, S4) it suffices to consider im(3) € {Us, Ur}.

Now, every group isomorphism Cy X Co — im(f) is of the form w o 5 for w € Aut(Us)
respectively w € Aut(Uz). By Lemma 112, we have Aut(Us) = Inng, (Us).

Every automorphism of U7 is of the form

90(1k> : U7 — U77 (172) = (172)2(374)17 (374) = (172)k(374)l
jl
for (%) € GLy(F2). Therefore, we have

gl

B CIRORIR (DRGNS
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Note that conjugation with (1,3)(2,4) interchanges rows on ( J”ﬁ) as
(91C0(1,2)'(3, 4Y = (1,20(3,4)" .

So,

Aut<U7) = {@(é?) ) @(%é) ) 90((1) %) ) H?f73)(2’4) © @(é?) ) K?{l’3)(2’4) ° 90(%(1)) ) K(Sf73)(2,4) © §0<(1] %)} :

Therefore, we obtain Inj(Cy x Cy,S,) =
a — (1,2)(3,4) a — (1,2) a — (1,2)(3,4) a — (1,2)
b — (1,3)(2,4) || b — (3,4) || b — (1,2 b= (1,2)(3,4) '

Ad (6). Let v : S§' — S, be an injective group morphism. Then it follows that
S3 = im(y) € {9Us : g € S4}. It suffices to consider im(vy) = Us.

Now, every group isomorphism S — Ug is of the form w o for w € Aut(Us). As
Aut(Ug) = Inng, (Ug), cf. Lemma 112, we obtain

E(sgfes,s@:{[’; - 8;)3)”

Ad (7). Let 7 : Dg — Sy be an injective group morphism. Then it follows that
Dg = im(7) € {9Uy : g € S4}. It suffices to consider im(7) = Uy.

Now, every group isomorphism Dg — Uy is of the form w o 7 for w € Aut(Uy).

By Lemma 114

. s S s s s s
Aut(Uy) = {idys, "J(f,gy “(f,2,3,4)v ’f(f,z)(g,zx)v @, “(f,s) °®, “(f,2,3,4) °y, K(f,z)(3,4) o} .

Therefore, we obtain

= (Da. 8. — d — (1,2,3,4) d — (1,2,3,4)
njDs S0 =31 (1,4)(2,3) || t = (2,4) ‘

Ad (8). Let p : AV — S, be an injective group morphism. Then it follows that
Ay Zim(p) € {901 : g € Su} = {Uio}. As Aut(Uyy) = Inng,(Uyg), cf. Lemma 112, we

obtain
_ - r — (1,2,3)
InJ<A4,s4>—{[y - <1,2><3,4>”'

Ad (9). As Inng, (S4) = Aut(Sy), cf. Lemma 112, it follows that Inj(Sy, Ss) = {[ids,]}. O
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Corollary 120. We may identify

cf. Lemma 119.
Lemma 121. We may identify Endz(ZInj(Dg,Ss)) = Z**2. Then

Endz ous(ng) (ZInj(Ds, Sa)) = {(44) : u,v € Z} C Z*** = Endgz(ZInj(Ds, S4))

We have the ring isomorphism
Endz ouns)(ZInj(Ds, S4)) = {(a,b) EZxZ:a=,b} CZ X Z
(ve) — (utv,u—v).
Note that {(a,b) € Z X Z : a =5 b} is a subgroup of index 2 in Z X Z.

More symbolically, we write {(a,b) € Z X Z :a =5 b} = (Z G- Z) .

Proof. Recall that
— d — (1,2,3,4) d — (1,2,3,4)
Inj(Dg,S4) = = , = ,
/(De,54) {[’“] [ too (1,4)(2,3) ] ] [ toe (2,4)
cf. Lemma 119.
Hence, we may identify Endz(ZInj(Dg,S,)) = Z2*2.
So, we have Endzout(Ds)(ZI_nj(DS, S4)) C {(,ﬁf;) cu, v, w,x € L}
We have Out(Dg) = Cs, cf. Lemma 114. More precisely, we define the group morphism

OéiDg — Dg
d — d
t — td.

It exists, as d* =1, (td)? = 1 and ((td)d)? = td*td*> = d*t*d* = 1.

Moreover, it is surjective as Dg = (t,td). We have o € Inn(Dyg) as for i, j > 0 we have

Py — Ay — iy oL Pt =td

Thus, we have Out(Dg) = {id Inn(Dg), oo Inn(Dg) }.
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Consider the map

ZI—nj(D87 S4) £> ZE(D87 S4)
[p1] = [pioa]
[p2] = [p2oa].
Note that
(pr 0] = d — d ~ (1,2,3,4) — (]
? t o td — (2,4)0(1,2,3,4) = (14)(23) !
and that
[proal = [’f?f,2,3,4) o p1 0
B d — d — (1,2,3,4) = (1,2,3,4) _ (0]
Tl e td > (1,4)(2,3)0(1,2,3,4) = (1,3) — (2,4) S

Thus, we obtain with respect to the standard basis of Z*** and the basis ([p1], [p2]) of
Endz(ZInj(Ds, S4)) the representing matrix (94) of .

Now, an element (4 4) € Z?*? = Endgz(ZInj(Ds, S4)) is Z Out(Ds)-linear if and only if

1.e.

ie.u=2xand v =w.
This proves that Endz oung) (ZInj(Ds, Sq)) = {(44) : u,v € Z}.
Consider the map

f : Endzout(Dg)(ZI_Il_j(Dg,S4)) :> {((Z, b) €cZ x7Z:a =9 b} - Z x7Z
(ij) = (u+v,u—0).

The map f is a ring morphism as for (ﬁfj) , <7qj: Z:) € Endyg Out(DS)(ZI_nj(Dg, S4)) we have
Fe) + () = (u+u +0+0utu —v—1) = JE+ ()
fe - (en) = (i)

= (uu +vv' +w + v u + v’ — wv' — o)
= (u+v,u—ov)(u +0u =)

- - r(we)

(1,1) .

~
—~
—
O

—o
~
N—
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It is injective, as for (%), <Z: Z:) € Endz out(ng)(ZInj(Ds, S4)) with

utv,u—v)=(u+u -
( 7 )= ( 7

it follows that u = «’ and v = v'. Moreover, we have f((7)) = (1,1), f((11)) = (2,0)
and f((_171)) = (0,2). So, f is bijective.

]

Lemma 122. We may identify Endgz(ZInj(Cy x Cy,Sy4)) = Z***. Then

EndZOut(Cz XCQ)(ZI—Hj(CQ X CQ: S4)) = Z x:;y x—l;’—y z SU, U, W, TL,Y € Z
w Y Y z+y

C  Z* = Endz(ZInj(Cs x Ca, S4)) .

We have the injective ring morphism

Endzout(c2 XCQ)(ZI_IU(CQ X CQ, S4)) — 7Z X Z2><2

u v v v
+ 3
w r+y Yy Y o | u v '
w Y T+y Y w x4+ 3y
w Y y Tty

Note that its image {(a, (32)) ca,bye,de €4, a=3e, ¢c =30} is a subgroup of index 9
in Z x Z**2,

More symbolically, we write {(a, (35)) ca,bye,de €Z, a=3e, c=30} = Z (3

Z Z Z
|
Proof. Recall that Cy x Co = (a : a®) x (b: b?). 1\_@_/1/
Recall that Inj(Cy x Cy,S,) =

(e 269 e e 12 )
] = b (1,3)(2,4) | 2] = b (3,4) |
Jawm a269] o [ae 12 |
\ sl 1= b= (1,2) | ] = b (1,2)3,4) |

cf. Lemma 119.

Therefore, we may identify

Endz<ZE(CQ X CQ, 84)) = Z4X4 .



96

We have

Out(ngCg):Aut(ngCg):<a::(a ~ b),@::(“ - >>
b — a b — ab

One can identify Aut(Cy x Cy) with GLy(F5) in which case o becomes () and 3 becomes
11
(01)-

Consider the map

ZInj(Cy x Cy,Sy) =% ZInj(Cy x Cy,Sy)
1] = o
[VQ] — [1/2 e} Oé}
3] = [r30q]
vy = [voq]
We have
4 pum
[K(S;3)OI/1004] _ a b = (7 ) ) = ’ )O ) ) 0273) ) )
’ b — a — (1, A4) = (2,3)0(1, 4)0(2,3) = (1, :
and therefore [y 0 a] = [14].
We have
4 pu—
Ky omoa] = | = b o= (3,4) = (1,3)(2,4)0(3,4)0(1,3)(2,4) = (1,2
WS b — a — (1,2) — (1,3)(2,4)0(1,2)0(1,3)(2,4) = (3,
and therefore [15 0 o] = [11].
We have
a — b — (1,2)
[v30a] =
b — a — (1,2)(3,4)
and therefore [v5 0 a] = [v4].
We have
b 1,2 4
b — a — (1,2)
and therefore [v4 0 a] = [v3].

Thus, we obtain with respect to the standard basis of Z*** and the basis ([11], [va], [v3], [v4])
1 000

of Endz(ZInj(Cy x Cs,S4)) the representing matrix S := of pq.

(@]
S O =
_— O

0
0
1

e}
=
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Consider the map

ZInj(Cy x Co,84) 5 ZInj(Cy x Cy, Sy)
] = [viop
o] = [v20p
[vs] = [vzof
[va] = [raof]

We have

[/{(S?iél) oV o 5] =

a = a — (1,2)(3,4) = (3,4)0(1,2)(3,4) 0 (3,4) = (1,2)(3,4)
b ab = (1,2)(3,4) 0 (1,3)(2,4) = (3,4) 0 (1,4)(2,3)0(3,4) = (1,3)(2,4)
and therefore [1q o ] = [11].
We have

a — a — (1,2)

e Bl =y (1,2)(3,4) ]
and therefore [v5 o ] = [vy].

We have

S
[K(f,s)(2,4) ovgo ] =

a — a — (1,2)(3,4) — (1,3)(2,4)0(1,2)(3,4)0(1,3)(2,4) = (1,2)(3,4)
b — ab — (3,4) = (1,3)(2,4) 0 (3,4) o (1,3)(2,4) = (1,2)
and therefore [v3 o ] = [v3].
We have
o la = a = (1,2)
o f] = b — ab — (3,4)
and therefore [v4 o f] = 1]

Thus, we obtain with respect to the standard basis of Z***and the basis ([v1], [v2], [v3], [v4])

1000
— ) ) 000
of Endz(ZInj(Cy x Cq,S,)) the representing matrix 7" := 0010 of pgs.
0100
7k 1l m
. I np q T Axd —
Now, after identification, an element v := . € Z*** = Endz(ZInj(Cq x Cyz,S4))
S u v
w T Yy =z
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is Z Out(Cy x Cy)-linear if and only if ¢ - S =S -y and ¢ - T =T - .
The condition ¥ - S = S5 -1, i.e.

gk m 1 J k I m 10 00
n p r q B n p q r 0100
s t v u B s t u w 0 001
w T z oy w T Yy 2z 0 010
10 00 7 kI m 7 k I m
1 01 00 n p q r B n p q r
B 0 001 s t u w B w o y z |’
0 010 w T Yy =z s t u w
means [ =m,qg=r,v=y,s=w,t=x and u = 2.
The condition ¢ - T =T -, i.e.
g m 1l k J k I m 1 0 00
n o P B n p q r 0 0 01
s v t B s t u w 0 010
w oz T w T Yy 2z 01 00
10 00 j kI m 7 k I m
1 00 01 n p q r B woxr Yy z
B 0010 s t u v B s t u v|’
01 00 woxr Yy z nop q r

meansm=~k,n=w,r=x,q=y,p=zand v ="1.
So, our condition reads k =m =l n=s=w,p=z=uvandqg=r=t=v=z=y.

Hence, we obtain

U v v v
— w T+
Endz out(c, x c)(ZInj(Cy x Cq, 8y4)) = vy 4 cu,v,w,x,y €Ly CZ
w Yy T+y Yy
w Y Y r+y

1
We claim that ¢ := 3 are orthogonal

o O O O

[\)

|

—_

|

—_
o O O W
—_ == O
=)
—_ = = O
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central idempotents of

u v v v

Ende out(c, x ¢)(CInj(Cy x Cq,84)) = y vy y cu,v,w,x,y € Cp CCHY
w Y r+y Y
w Yy Yy T4y

The centre of Endec out(c, x CQ)(CI_nj(CQ x Cg,5,)) is given by

x4+ 3y 0 0 0
0 T +y Y Y

cx,ye C )y,
0 Y T4y Y
0 Y Y T4y
as the condition
u 0 0 0 U v ) ) 1 0 0O
w 0 0 0 B w Tty Y Y 0000
w 0 0 0 w Y r+y Y 00 0O
w 0 0 0 w Y Y Tty 00 0O
1 00O U v v ) u v v v
1 0000 w x4y Y Y B 0O 0 0O
0000 w Yy r+y Y 0 00O
0000 w Y Y T+y 00 0O
means v = w = () and the condition
0 v v u U 0 0 0 0111
00 00 B 0 z+4+vy Y Y 00 0O
00 00 0 Y T+y Y 00 0O
00 00 0 Yy Y T+y 00 0O
01 11 U 0 0 0 0 z+3y z+3y x4+ 3y
1 0000 0 z+vy Y Y B 0 0 0 0
0000 0 Y T+y Y 0 0 0 0
0000 0 Y Y T+y 0 0 0 0

means u = x + 3y, and as the claimed subset consists of central elements.

Now, we search for a central idempotent.



100

The condition

10 00 3000 10 00 30 00
0100 01 11 0100 01 11

T - +y- = z*- + (2zy + 3y?) -
0010 01 11 0010 01 11
0001 01 11 0 0 01 01 11

1 000 3 0 00

! 0100 0111

0010 01 11

0001 01 11

!
means x € {0,1} and y = 27y + 32
Suppose that z := 1. Then y = 2y + 3y?, i.e. 0 = y(1+ 3y). Choosing y := —%, we obtain

0O 0 0 0
) 110 2 -1 -1 . ,
the central idempotent ¢ := — , which proves the claim.
310 -1 2 -1
0 -1 -1 2
We have
0o 0 0 O
_ 110 22 —x —x
¢ Endg Out(Cy x CQ)(CIHJ(CQ x Co, S4)) =K = x e C
310 —x 2¢ —ux
0 —x —x 2z
Hence, we have an isomorphism of C-algebras
e Endc out(cs x ¢0) (CInj(Cy x C3,84)) = C
- — .
We have
([u v v v
— T4y L4y L4
(1 —€) Endcout(cs x ¢5) (CInj(Ca x Cy,84)) = v 3 vy 3 N = u,v,w,x,y € C
w 3+Y 3+y 3+y
(\w $+y $+y $+vy
.
u v v v
= wyyy cu,v,w,y € C
wy yy
\\W ¥ Yy Yy




We have an isomorphism of C-algebras

~

W(—e) - (1 — 6) Endc Out(Cz x 02)<CI_Hj<CQ X CQ, 84)) = 2

In fact, wa_e)(1 —¢) = (é&?) = (

g &8 & g
NN G

NSNS SO
NS ST S

wu' + 3vw’

wu' + 3yw’

wu' + 3yw’

wu' + 3yw’

u

g & €

v v v

U
Yy vy —
vy yy w
Yy vy

(1)(1)) and we always have

~

B (uu’ + 3vw’ 3(uv’ + 3vy’)>

wu' + 3yw’ 3(uwv’ + 3yy’)

fu v u’
w3y w’

3’
3y’ '

Moreover, note that w(;_.) is bijective.

So, we obtain the Wedderburn isomorphism

Endc out(cs x ¢5) (CInj(Cz x Ca, Sy4))

u

w
w
w

v
r+y
Y
Y

which restricts to the embedding

!/

u v
Wy oy
w oy Yy
Wy Yy
w' 4+ 3vy’ wv' + 3vy’ wv’ + vy
wv' + 3yy’ wv' + 3yy’ wu' + 3yy’
wv' 4+ 3yy’ w4+ 3yy’ wv' + 3y’
wv' + 3yy’ wv' + 3yy wv + 3yy’
= C x G2
v v
Yy Yy u  3v
H :L.’ wx )
D e )
Y T+y

Endg Out(Cg x Cz)(ZI_nj(CQ x Ca, 34))

u

w
w
w

v
r+y
Y
Y

v
Yy
r+y
Yy

()

Y

Y
Tty

%

7 % Z2><2
(.I', (;)szrgZ

) -

3v
3y

) |

101



102

Remark 123. We have for subgroups U,V of a finite group G that
Fixy (G/U) ={g9U € G/U : VI C U},
cf. Lemma 12.

The following table lists the values of | Fixy (b)|, where L runs through the twisted diagonal
subgroups listed in the left column and where b runs through the Z-linear basis B from
Corollary 117, as listed in the upper row.

For calculation, we have used Magma [6].

by by bs by bs be b7 b7, bs | bg | b | bio | D11 | b2 | bes | bs7 | brs

A(Uy) 576 | 288 | 288 | 192 | 144 | 144 | 144 | 144 | 96 | 72 | 72 | 48 | 24 | 288 | 288 | 144 | 144
A(Us) 0 8 0 0 0 0 8 4 8 4 0 0 4 0 0 0 0
A(Us) 0 0 32 0 48 16 16 0 0 24 1 8 16 | 8 0 0 16 16
A(Uy) 0 0 0 6 0 0 0 0 3 0 0 6 3 0 0 0 0
A(Us) 0 0 0 0 24 0 0 0 0 12 1 0 8 4 0 0 0 0
A(Us) 0 0 0 0 0 8 0 0 0 |4 |4 0 4 0 0 0 0
A(Ur) 0 0 0 0 0 0 8 0 0 4 0 0 4 0 0 0 0
AUz, ¢7,Ur) 0 0 0 0 0 0 0 4 0 0 0 0 0 0 0 0 0
A(Us) 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0
A(Uy) 0 0 0 0 0 0 0 0 0 2 0 0 2 0 0 0 0
A(Uy, 9, Uy) 0 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0 0
A(Uio) 0 0 0 0 0 0 0 0 0 0 0 2 1 0 0 0 0
A(Un) o o (o Jo Jo o o Jo Jololol]o [1 o [o Jo Jo
A(Us,p23,U2) | O 0 0 0 0 0 0 8 0 0 8 0 0 16 0 16 0
AUz, p3,2,U3) | O 0 0 0 0 0 0 8 0 0 8 0 0 0 16 0 16
A(Us,o75,U7) | 0 0 0 0 0 0 0 0 0 0 4 0 0 0 0 8 0
A(Uz,057,Us5) | O 0 0 0 0 0 0 0 0 0 |4 0 0 0

Remark 124. Recall that 75, = {1,Cs, C3,Cy, Cy x Co, S5, Dg, A, Sy}, cf. Re-

mark 118.

Recall the Z-linear basis B of BZ(Sy,S,), cf. Corollary 117.

The injective ring morphism aé s, from Theorem 108 decomposes into

A A (A
O'S4,S4 = (ﬂ'T O US4,S4)T€7-S4 = (084,84,T)T€7é4 .

Note that 0§, g, ;- is a ring morphism for 7' € 7.

Concerning Inj(7,S,) for T € Ts,, cf. Lemma 119.

Ad 0§, g, - Consider the map

A — €.120
Jé,&;,l : BZ (84, 84) — Endz Out(1)<ZIHJ(1, 84)) = Z
| Fixa(X) X X
X| = 1= id] = ——— [l id] = —[1 — id = —.
) (i R = Bl i as
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A
So, 0§, 5,1 Maps

by — 24, by 12, by 12,
b4 — 8, b5 — 6, b6 = 67
b; — 6, b, +— 6, bg +— 4,
by — 3, bé — 3, bip — 2,
b11 —> 1, b372 — 12, bg 3 12,
b577 — 6, b775 — 6,
cf. Remark 123.
Ad 0§, g, ¢, - Consider the map
O'A —_
B%(S4’ 84) S4,54,Co Endz Out(cg)(zlnj (C2’ S4)) CéQO Z2><2
| Fixa() (X)) | Fixa s 052,05 (X))
X — — . 4 .4
= %) | Fixawyeasvn(X)| | Fixawy(X)
8 8
where vix] :=
| Fixa(e) (X)) | Fixa s po,02) (X))
co (1,2 ————" ey — (1,2)] + e co— (1,2)(3,4
2 ( )] |CS4(U2)| [ 2 ( )] |CS4(U3)| [ 2 ( )( )]
| | Fi (X)] | Fi X)|
IXA(Us,3,2,U3) 1XA(U3)
[c2 = (1,2)(3,4)] — [ca = (L,2)] + — 7 lee = (1,2)(3,4)]
| Cs, (U2)] | Cs, (Us)]
So, after identification, o, 4.0, NAPS
bl = (88) ) b2 = ((2)8) ) b3 = (82) )
b4 = (88) ) b5 = (88) ) b6 = (8(2)) )
b7 = (%(2)) ) bl? = (%g) ) b8 = (38) )
by ((1)3> ) by (?%) ) bip (8(2)) )
by = ((1)(1)) ) bzo > (88) ) byz (83) )
bs7 (88) ) brs (83) )
cf. Remark 123.
Ad 0§, g, ¢, - Consider the map
9§, 54,0 — C.120
B%(S4, 84) S Endz Out(cg)(ZInj (Cg, 84)) = Z
Fi X Fi X
[X] — ([C3 — (17 27 3)] — | 1XA(U4)( )| [03 — (17 2, 3)]) _ | 1XA(U4)( )|
| Cs, (Us)] 3
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. . . A
So, after identification, g, g, ¢, maps

cf. Remark 123.

Ad 0§, g, ¢, - Consider the map

A
0-54,54,04

BZ (S1,S4)

[X] — ([04 — (1,2,3,4)] —

13111117

0, by +— 0, bs +— 0,
2, bs +— 0, bg +— 0,
0, b, — 0, bg — 1,
0, by +— 0, bjp — 2,
1, bz 0, bys — 0,
0, brs — 0,

Endz Out(Cy) (ZE(CZM S4))

. . . A
So, after identification, og, g, ¢, maps

b

cf. Remark 123.

Ad 0§, s, ¢, x c, - Recall that

I_nj(C2 x Ca, S4) =

cf. Lemma 119.

Consider the map

BZ (S4,54)
[X] >

A
95,,84,Co x Cq
—>

111111

N L.122
Endz out(c, x 05) (ZInj(Cy x Cy,S4)) € Z44

| Fixawe) (X))
e e (1,2, 3,4)]
| Cs,(Us)|
07 bg —> 0, b3 — O,
0, bs > 0, bg +—> 2,
0, b/7 — O, bg — O,
1, bé — 1, bip — 0,
1, bza +— 0, bez — 0,
0, b7’5 — O,
= (1,2)(3,4) | [
7[L2] -
b — ,3)(2,4)

Vix]

USRS

I

CéQO

- A
(1,2) ‘
(3,4) |
(1,2)(3,4 ] J
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where
o o PRl ’FiXNU?,%,mgag,m,Us)<X>|[ ]
L = |1 )
! | Cs, (Us)| | Cs, (Ur)]
| FiXA(U7,¢5,7,Us)(X)| [13] + 1XA(U7"P5v7°“§]2%3>’U5)( | [L4]
3 4
| Cs, (Ur)] | Cs,(Ur)]|
Fi X .
[Lz] o | IXA(US:KZ5,2,3)°@7757U7)( )| [Ll] n |F1XA(U7)(X)’ [L2]
| Cs, (Us)] . | Cs, (U7)] |
| FiXA(U7,<P7,U7)(X)| [L ] + lXA(U7’WOHEJ17,3)(2,4))’U7) [L4]
3
| Cs, (U7)] | Cs, (U7)]
VIx) = . Fi X
[LS] . |F1XA(U5,L,07,5,U7)<X)| [Ll] N | IXA(U7,52]17’3)(274)o<p7o;e§]17’3)(2’4),U7)( >| [Lz]
| Cs, (Us)] b | Cs, (U7)]
| Fixawn) (X)) lig] + | AU 0,4°0707) 1a]
[Cs, (U] | Cs., (U7)] '
[ ] o | FiXA(U5,KE/2?3)o¢7,5,U7) (X)l [ ] N | FiXA(U77¢7ONE}Z3)(2’4>,U7) (X)| [L ]
L U1 2
' 1, @) [Cs, (07)
| 1XA(U7”§?17,3)(2,4)°¢7’U7) [Lg] | FiXA(U7)(X)| [L4]
| Cs, (Un)| | Cs, (U7)]
Let
| Fixa (g (X)) |FiXA(UsyKE]15:2y3)O<P7,5,U7)(X)‘ | FixA (U, 07 5,07) (X lFiXA(U57HEJ2‘?3>0LP7,5,U7)(X)l
. 4 4 : 4 : 4
|FlXA(UmLPsJOHE]ﬁg’Q),Us)(X)l | Fixa (o, (X)) |FlXA(U7,ﬁ§]1f3)(2,4)°W7°“E]17,3)(2,4)7U7)(X)| ‘FIXA(U7’*&7°”§117,3)(2,4)*U7) Xl
4 4 4 , 4
| Fixa (U7 s, 7.05) ()] | Fixa Ug. .07 (X)| | Fixa uy) ()] 8wl oervn )
. 4 . 4 . 4 4
|FIXA(U%%JOHE’;S),U@(X)‘ |FIXA(U%WOH(UITS)(ZA),U7>(X)| ‘FIXA(UW{IJS)(2,4)ow7,U7>(X)I | Fixa (177) (X)]
4 4 4 4
|FiXA(U5)(X)| IFiXA(U5»<P7,57U7)(X)| ‘FiXA(Usqtpmst?)(X)‘ |FiXA(U5,W7,5vU7)(X)|
4 4
\FiXA(U74,¢5,7(X)| |FiXA(£ll/7)(X)| | FiXA (U7,07,07) (XD | FiXA(U7,07,07) (X))
4 4
| Fixawron 0 (| [ Fixawyenon (O] [Fisawn (] [ Fixawy enum (X)]
4 4 4
|FiXA(U7,L:l5,7,U5)(X)‘ ‘FiXA(U7,<p7,U7)(X)| |FiXA(U7,ga7,U7)(X)I |F1XA(U7)(X)|
4 4 4 4

be the representation matrix of v;x] with respect to ([e1], [t2], [3], [t4]).

A
Then og, g, ¢, x ¢, Maps
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o o O O

S o o O

S o o O

oS o o O

S o O O

oS o o O

o o o O

o o O O

oS O o O

o o O O

o o O O

S O o O

by

S O o O

S O O O

S o o O

S o o O

S o O O

S o o O

S o o O

o o o O

S o o O

S o o O

oS O o O

S O O O

by

I
)

0000
0 00O
0 00O
00 00
2 000
0000
0 000
0 00O
0 00O
0 00O
0 00O
00 00

b1o
ba 3

)

0 00O
0011
0110
1000
1000
1 000
0 00O
0 00O
0 00O
0 000

01 11

b3 2

)
)

0000
0200
0020
00 0 2
3000
0100
0 0 01
10 0 0
0100
0010
00 01

b1

S O O O

S o o O

S o o O

N O O O

N O O O

S O O O

b577 —

Endz out(c, x ¢2) (ZInj(Cy x Ca, Sq)) — Z x Z7°

4,54,Cg X Cg

—

A

9s

cf. Remark 123.
With Lemma 122 we obtain that
BZ (S4, S1)

maps
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b = (L(61), b = (0.(%)), b= (0.(30))

bll = (17 ((1)?)) ) b3,2 = (07 (88)) ) b2,3 = (07 (

OO
(e} en)
~—
~—

Ad Ué SeSE Consider the map
O'A .
S4.84,85 T res C.
BZ(S1,81) ——— Endz ous(sy) (ZInj(S5™, S1)) 120 g
LA (17273) | FIXA(U8)(X)’ T = (1,2,3) o .
[X] — (|: S — (172) = —‘ CS4(U8)‘ s N (1’2) :| — |F1XA(US)(X)| .
So, after identification, 0‘SA4 §,,spres Aps
by — 0, by +— 0, by +— 0,
by — 0, b5 — 0, be — O,
by — 0, b, — 0, by — 1,
by — 0, by +— 0, bip — O,
b11 — 1, b372 — 0, b273 —> O,
b5,7 = 0, b775 — 0.

Ad 0§, g, p, - Recall that

S B |l d = (1,2,3,4) |l d = (1,2,3,4)
Inj(Ds, S4) = {[Pl] = [ toes (1,4)(2,3) ] [p2] = [ ]} )

cf. Lemma 119.

Consider the map

R — _ Lazt oo
BZ(S4,S4) Endzout(ng)(ZInj(Ds,S4)) € Z
X] = VIX]
where
Fix X Fix X
[o1] W[MML' A(CUQ’WE}UQ)( )|[/02]
]/[X] _ | S4( 9)‘ | S4( 9)|
[p2] +— IXA(U"’“Z%,SB)O"DQ’UQ) | FiXA(UfJ)(X)_’

[T (09) TN A
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Let A[X} =
| FiXA(Ug) (X)| ‘ FiXA(Ug,HZ%ALS’Q)Ong,Ug)(X)| | FIXA(UQ)(X)| | FiXA(Ug,L,Dg,Ug) (X)|
2 2 - . 2 .2
| FiXA (1 0.075) (X)] | Fixa (1) (X)) | Fixa U p0,00) (X)| [ Fixa ) (X))
2 2 2 2
be the representation matrix of v;x] with respect to ([p1], [p2])-
So, after identification, o§ S4.Ds TAPS
bl — (88) ) b2 = (88) ) b3 — (88) )
b4 = (88) ) b5 = (88) ) b6 = (88) ’
b7 = (88) ) bl? = (88) ) b8 = (88) ’
by +—> ((1)(1)) ) by ((1)(1)) ) bip +— (88) )
by ((1)(1)) 5 b3 + (88) 3 ba3 (88) )
bs7; (88)7 brs (88) :
With Lemma 121 we obtain that
USA S4,D _—
B%(S;l, S4) R, Endg Out(Ds)(ZInj <D87 S4>> —Zx7
maps
by — (0,0), by +—  (0,0), bs +— (0,0),
by +— (0, O), bs +— (O, 0), bg (0, 0),
by — (0,0), b, —  (0,0), bs +— (0,0),
by — (1,1), by +— (1,—=1), by +— (0,0),
bll — (17 1)7 b3,2 = ( ) 0)7 b2,3 = (07 0)7
b577 — (O, O), b775 — (0, O)
Ad Jé Sp,APT - Consider the map
A UsA‘l‘S‘l’AgreS T3/ A Dbres C.120
Bz (S4,S4) Endyz oug(arres) (ZInj (A5, S4)) = Z
x = (1,2,3) | Fixawi) (X)) T2 = .23 . .
[X] = ([ y = (1,2)(3,4) = | Cs, (Uo)| [ y = (1,2)(3,4) } = ‘FIXA(Um)(XN .

. . . A
So, after identification, 05, 8y Apr HADS



b1 — 07 b2 — 0, bg — O,
b4 — 0, b5 — O, bG = 07
by — 0, b, — 0, bs — 0,
bg — 0, bg — 0, blO — 2,
bll — 17 b3’2 — O, b273 — 0,
b5,7 — 0, b775 — 0.
Ad aé Su., - Consider the map
08, 5,8 — C.120
B2 (S4,S,) —— Endgz oTt(s4)(Z1Ilj ES43|S4)) =
. FiXA(Uu) X . >
X > idg, | +— id =
X] (11 = e g
So, after identification, aél 4.5, INApS
bl — 0, bg — 0, b3 = 07
by 0, b5 — 0, b6 — 0,
b; — 0, b, — 0, bs — 0,
bg 0, bé — 0, bip — 0,
bin = 1, bza +— 0, bes = 0,
b5,7 — 0, b7’5 — 0.
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’ FiXA(Un)(X)l .

3.3.2 Congruences describing an isomorphic copy of B%(S4, S4)

Write

A _ A A A A A A A A A
0 =038, — (054734,17 054,584,027 954,84,C37 954,54,C17 954,54,Ca x 27 954,54,837 954,54,D8 9S4,54,A4 7 054754,34) )

cf. Remark 124.
We identify

0:B2(S4,5:) =[] Endzowm (ZInj(T,G)) — Z := ZXZ¥*XZXLXLX L X LXLXLXLXL .

TeTs,

The first factor Z in = belongs to T = 1. The second factor Z%*? in = belongs to T = C,.
The third factor Z in = belongs to T'= C3. The fourth factor Z in = belongs to T' = Cy.
The fifth and the sixth factors Z x Z?*? in = belong to T' = Cy x Cy. The seventh factor
Z in = belongs to T' = S3. The eighth and the ninth factors Z x Z in = belong to T" = Dg.
The tenth factor Z in = belongs to T = A, . The eleventh factor Z in = belongs to T' = S;.
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Z x 7 x
7 x 7 x

We define the ring mor-

722 x 7. x 7 x

P e U U U e U O A
OO OO OO OO OO OO ON ON OO O MO OO O OO OO ©VO OO
OO OO OO OO VO OO OO OO OO MO
S N N S e N e e e e e N N S N N

O NO —HO OO OO OO OAN

7 x 7*? x 7 x 7 x
7 x

e N e e e R R e L L e e R e e R R
OO OO OF OO OV ON ON NO OO OM A= ON O+H OO FO ON FA
OO NO OO OO OO OO NO = NO —HO O+ OO HO ON OO ON OO
S N N N e e S S e e e e e S S N

722 x 7 x 7 X

NV © © © © < O O O -

~— — — — — — ~— — — —

rrrrr1r1r11

%)71a1717((1]?)71a1717171)‘

phism ¢’ by ¢’ (b) = z - o(b) - ! for b € B5(S4,S4)

— (24
— (12

bll —
= (1, (
(84,84) — Z x

A
V4
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We have
o0 :B5(S4,S4) — Z x Z*? x Z x Z x
Let z :
: B

OJ

SN SN N N N N N N N N N N N N N N

e N N N N N N N N N N N N e e N e NI N
OO OO0 OO OO VWO OO ON ON OO O ©OM OO O+ OO OO VO WD
cocoocooco T oo oo oo oo | [ —o oo oo oo 7|

NeYen) — N—— ON

O O OO O N O oo o+ 4o 4 o o o o
O O O N O OO oo 4 oo N HH o o o o
e N e e e R e e e e o R e e e T R
OO NT YN OO VWU NO ON VN N NI- O~ NO O— 0 ON HA 0000
co 7| VT ocoP? 2 ~no—o T A = 4o || P oo I
= | o T oo wa | | oo o Fa Dy AT 0o
o || T —_oa 1T — 7| T
N— N— S— N N
N—" N— SN—
< AN AN 00 © © © © <HF M M AN —H AN AN © ©
AN — o — ~— — ~— ~— o o ~— ~—~
— — ~— N~—
— N g N 0 Ne] I~ - 0 DD O o — N ™ ~ o)
N N N N I S S S R S R =TS T S TS S
I S TR N



111

Remark 125. The conjugating element x := (1, ( ) s 1,11, ( ) ,1,1,1,1,1) € =2 was
constructed using the computer algebra system Magma [6] for the purpose of simplifying
the congruences in o(BZ(S4,S4)).

Theorem 126. Recall ZE=7Z X Z> 2 X ZX L XL X Z* 2 X Z XL X Z X7 x 7. Let

\

( (a,(gg),f,g,h,(,ijl'),m,n,r,p,q)EE:e—a = 2j =4 0
e—g =4 J
n—r =4 2k
c =4 0
d =, 0
n = | =2 e =5 1
A= h = b
P =2 g
m = f
a =3 f
p =3 1
h =3 1
L ] =3 0 J

We have a ring isomorphism
B2(S4,8:) > ACE.

More symbolically written, we may describe A as follows. The letters to the right are the
key to this picture.

PN m
Z\

( J
1@ n k l
\@2 i p

Z Z r q
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Herein

0, etc.

—S

means t-r+u-y—+v-z

<S47 S4)7

A
V/

Proof. Let A be the representation matrix of o/ with respect to the bases B of B

cf. Corollary 117, and the standard basis of

. We obtain

—_
—
—

12

12

12
-8

12

24

4 =12 0 —16

—4 1

—6
20
-2

6 —3

-1

2
0
0

0 —-12 —4

0
0

48

36

12
-2

8§ —12 12

36 12

24
-4

0 —12

2 -2

0

—6 -2
18

18

12

12

6 —18

0

-6 —6

0 —6

6

0

0 —18

0

4 —12

0
0

12
-8 —24

0

0 -24 -9 -4

0
36

0 24

0 0 —-24

0 —4
0 -6 —4 —12 -2

0

12 =72 —24

—6

0

24

18

36

0 —12

12
12

0 —12

0 —12 0
—6

0
0
4

0
0 —12

—4

—6

0

4

0 —12 0
—6

0

—6

12

0 —24
0 —24

0
0

12

24

12

0 12 —-12

0

0 12 —12

0

24

24
0 —24

4 —-12 -4

36 0 0
0 O

6 —24 —12

0 —36 —12 108

—4 0
4 -36 —12 0

0
12

12

—6

24A-1 =

. We have

—_
—
—

)7fagah7 (kz:]l) ,m,n,r,p,q) S

= (a, (a¢

Let & :
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¢ e O'I(B%(S4, 84)) & Jr e 2V with

o

=Ar e A7 | ¢ | €2t

q q
1 00 0 3 800 010 012 0 000 O a
0 00 0 0 000 0 01212 0 660 O 2
0 00 00OOOO 8 0 0 0 O0 00412 d
0 00 0 01200 0 0 0 012 000 O ;,
0 00 0 6 060 010 012 0 000 O g
h
. |0120 0000404058 00000 (N
0 00 0 0OOOO 0 4 012 01200 O j
006 0 0000 0O 4 00 0 000 O l;
0 0012 0 000 0 4 0 0 O 000 O m
0 00 012 000 0 4 012 0 000 O :f
0 00 0 0O0O0OO012 0 012 0 000 O P
000 00 000 012 0 0 0 000 O q
10003000020400000 a
00000000004402200 2
00000000000000O04 14 d
00000400000040000 ;
00002020020400000 g
h
. [04000004000000000 ()
00000000000404000 j
00200000000000000 l;
00040000000000000 m
00004000000400000 Z
00000000400400000 P
00000000040000000 q
a
b
C
d
e
10000200000000000 g
h
00000000200000010 .
and i c 374x1
00000001000200000 j
00000000010000000O0 ]7
m
n
T
p
q



114

a+3e+2j+4l =50 .
% + 2n + 4k + 4l =g 0 e—a=g2j =40

dp+4q =5 0 e—g=4 ]
dm+4f =3 0 n—r =4 2k
2g+2e+2j+4l =5 0 c=4 0
Ah + 4b =g 0 d = 0

4n+;l1588 n=9 | =ge=91

C =8 o
=4 4d =5 0 = h=9 b
de 44l =5 0 p=24
4i4+4l =5 0 m =y f
4_] =8 0 a =3 f
a+2f =30 p=3 1
p+2i =30 h =5 1
h+21. = 0 i=5 0
L J=30
O
Remark 127. Choose
(A, A(U), A(Us), A(Uy), ‘
A(Us), A(Us), A(Ur), AUz, o7, Uz),
LS s, = 4 A(Us), A(Uy), AUy, 9, Us),  A(Umo), ;
A(Un), AUs; 2,3, U2), AUz, 032,Us)  A(Us, 75, Ur),
L AUz, 057, Us) )

cf. Corollary 117, as set of representatives of conjugacy classes of twisted diagonal sub-
groups of Sy x S;. By Lemma 12(3) we know that for L € Ag, x5, we have

Fix((Sqx S4)/L) = Ng,xs,(L)/L .

Theorem 108(5) states that the index of A in [ Endzouwr)(ZInj(T, G)) is given by
TETs,

[NS4 X 34(A(U, a, V)) . A(U, a, V)]

I1
AUVIELS, 5, | Cs.(U)]
_ 1 | FiXA(U,a,V)((S4 x S4) /AU, a, V)|
A(Ua,V)eLd | Cs,(U))]

Sy X Sy

= 24-2-4.2-6-2-2-1-1-1-1-2-1-2-4-2-2
589824 .
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We will verify this by a direct calculation. We have

24 12 12 8 6 6 6 6 4 3 3 2 1 12 12 6 6
0 6 -8 0 —12 -4 2 -1 6 -3 -6 -4 1 4 -12 0 16
0 -12 24 0 3 12 0 8 -—12 12 20 12 0 -8 36 4 48
0 2 4 0 -6 -2 0 0 2 -2 -2 -2 0 2 -4 0 -6
0 -4 12 0o 18 6 2 2 -4 7 7 6 1 -4 12 2 18
0 0o 0 2 o 0 0 o0 1 0o o 2 1 o0 0 o 0
0 0 0 0 0o 2 0 o0 o 1 1 o0 1 o0 0 o 0
0 0 0 o0 o o0 2 -1 o 1 0 o0 1 o0 0 o 0
[E . A] = |det 0 0o 0 o0 6 0 0 0 o 3 3 2 1 o0 0o o 6
0 0 0 0 -18 0 6 6 0 -6 -6 -6 0 0 0 6 -18
0 0 0 o0 o 0 0 o0 o o 1 0 0 0 0 o 2
0 0 0 o0 o 0 2 2 o 1 -3 0 1 0 0 0 -6
0 0 0 0 o 0 0 o0 1 0o 0o o0 1 o0 0 o 0
0 0 0 o0 o0 0 0 o0 o 1 1 o0 1 o0 0 o 0
0 0 0 o0 o0 0 0 o0 o0 1 -1 0 1 0 0 o 0
0 0 0 o0 o 0 0 o0 o o o0 2 1 o0 0 o 0
0 0 0 o0 o 0 0 o0 o o o0 o0 1 0 0 o 0
= 10616832 .

Moreover, we know that
Endzout(DS)(ZI_m(Dg,S4)) ={(a,b) € ZXZ:a=,b}
is a subgroup of index 2 in Z x Z, cf. Lemma 121 and that
Endz out(c, XCZ)(ZI_nj(Cg x Ca,54)) = {(a, (Zg)) ca,b,c,dye €4, a=3e, c=30}
is a subgroup of index 9 in Z x Z**2, cf. Lemma 122.

— Z:A 10616832
So, [ II Endzour)(ZInj(T,G)) : A] = | ] = = 589824.
it 2.9 18

3.3.3 Localisation at 2: B%(z)(84,84)

Write R := Z(g).

3.3.3.1 Congruences describing the image of B%@) (S4,S4)

Recall A from Theorem 126.
Write Zg) ;= R X R”?X Rx RX Rx R”?*X Rx Rx Rx R x R.
Corollary 128. We have

(

(a, (38) . frg.h (£7) ,mn,mp,q) €5y ie—a =5 2j =4 0

e—9 =1 J
n—r =, 2k
c =4 0
Ay = d =5 0

n = | =2 e =5 i
h = b
p =2 4q

\ m =y f )
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More symbolically written, we may describe Aoy as follows. The letters to the right are
the key to this picture.

h
b c
R d e
—1
g a
1 /
@ \1 (2) i j
1 1 @\1
R——(3 R R . 3 ,
N A
@
,%
R r
R—@——R m f
R——@-' R p q

Remark 129. We have the orthogonal decomposition 15, = € +€;+€3-+¢€4 into primitive
idempotent elements of Ay, where

& = (0, (00),0,0,1,(89) ,0,0,0,0,0)
& = (0,(90).0,0,0,(89),0,0,0,1,1)
& := (0, (00).1,0,0,(89),1,0,0,0,0)
& :=(1,(07).0,1,0,(5%),0,1,1,0,0)

Proof. As R-algebras, we have

elAzé = {(b,h):b,hER, bEQh}
&N = {(p,q) :p,q€R, p=2q}
&A= {(f,m): fimeR, f=m}
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e—a =g 2] =4 0
~ ~ A ij .. e — = ]
e4A(2)e4 = (a,e,g,(k]l),n,r):a,e,g,z,],k,l,n,rER, n_g Ei QJk
n =y | =5 e =91

For s € {1,2,3} the ring &,A(2)€;, is local. Hence, &, is primitive for s € {1, 2, 3}.
To show that €&, is primitive, we show that ¢;A ()€, is local, i.e. that I' is local.

We have the R-linear basis of I’

Ir = (L1,1,(g9),1,1)
o= (4,0,2,(95),0,0)
T o= (2,2,2,(90),0,0)
s = (8,0,4,(00),0,0)
Ja = (0,8,0,(50),0,0)
¥ = (0,0,0,(30),0,0)
% = (0,0,0,(52),0,0)
37 = (0,0,0,(0) 4,0)
¥ = (0,0,0,(99),2,0)

We claim that the Jacobson radical of I" is given by

J = r(2- 10, %1, 92, V3, Y4, V5, V6. V7, Vs) -

For that, the multiplication table for the basis elements is given by

() | Ir M gp Vs Ya Vs Vo ok 8

Ir | Ir M gp Vs Va Vs Yo 8k Vs
Y| e +3 4+ | Y3 | 87 +063+29 | 0 0 21— | 0 Vs

Y2 | V2 V3 27, 273 294 0 0 0 0

Y3 | V3| —8Y2+ 693+ 274 | 293 | —1692 + 1293+ 49, | O 0 0 0 0

Y4 | Va 0 2794 0 89,4 0 0 0 0

Y5 | V5 271 — 73 0 0 0 25 0 0 0

Y6 | Yo 0 0 0 0 0 2% 0 |29 — 97
Y7 | Y7 0 0 0 0 0 0 47, 297
s | Vs Vo 0 0 0 |29 — 7 0 2%7 ok

This shows that J is an ideal. We have J? = p(4 - 1p, 291, 299,33, V4, V5, V6, V75 278)-

Moreover, J is topologically nilpotent as

Since I'/J = F, the ideal J indeed is the Jacobson radical of T', c¢f. Corollary 160, and

the ring I' is local.

JrCor.

]
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3.3.3.2 Ay as path algebra modulo relations

Recall that R = Zy. We aim to write A(y), cf. Corollary 128, as path algebra modulo

relations.

Write

Ay = {(m,f)ERXxR:m=, f},

A’(’Q) = {(p,q) ERXR:p=5q},

;

n O
Ao =

We identify Ay = Aly) x Aly x A%
Ad Ny,
We have the R-linear basis (€3 = (1,1), 1 = (0,2)) of Afy,.
Consider the quiver

U= [n Ceg} :

We have a surjective R-algebra morphism ¢’ : RV — A’(Q) by sending

es — €3

vy > Dy

(h,(gg),g,a,n,r,(éjl')) ERXR”XRXxRXxRxRxXxR*>*?:e—a=g2j=40

e—g=4]
n—r=,2k
c=4 0
d=, 0

n=, | =se=91

hEQ b

We establish the following multiplication tree, where we underline the elements that are
not in a Q-linear relation with previous elements. We double underline the last element

in the tree that gets underlined.

es y12 =211

L R— "

141
So, the kernel of ¢ contains the element

Vi —2u .

Let I’ be the ideal in RU’ generated by v —2vy. So, I' C kern(¢'). Therefore, ¢’ induces

a surjective R-algebra morphism from RV’/I’" to A’(Q) :




Note that RY’/I" is R-linearly generated by

Note that |N'| = 2 = rkg(Ay)).

Since we have a surjective R-algebra morphism from R/’

N i={es+I, v + 1} .
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to Afy), this rank argument

shows this morphism to be bijective. In particular, I’ = kern(y’).

Ad A,

We have the R-linear basis (&; = (1,1), 1n = (0,2)) of Afy,.

Consider the quiver

\II// = [VQ Cez} .

Analogously to the case of A’(Q) we obtain a surjective R-algebra morphism

" " "
©" RY" — A(Q)
€y ég

Vo 52,

which has the kernel " := (v2 — 2u3).

So, ¢” induces an R-algebra isomorphism from RU” /1" to A’(’z) .

Ad A

We have the R-linear basis

n
of A(2) .

We have 35 = 9172, Y4 = Q21, 35 = 7178, Y6 = YVs71, V7 = T4 -

HO OO OO ON OO OO OO OO OO OO OO O+ OO
OO OO NO OO OO OO OO ON OO OO OO RO OO

Afy is generated by 1,84, cu, a2, 1,91, 92, 75 -

S N N N N N N N N N N N
' N

Hence, as an R-algebra
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Consider the quiver

Y1

\I’/H = 8 -F\e me 7\72
OO, 1Y
A g U

8

We have a surjective R-algebra morphism ¢ : RU"” — A’(’é) by sending

e — €
€4 > €4
a;p g
Qy Qo
i = Bl
0 e 1
Y2 Yo
Y8 8-

We establish the following multiplication trees, where we underline the elements that are
not in a Q-linear relation with previous elements. We double underline the last elements
in the tree that get underlined.

a1yg =0 a0 = 43 e
8 Tﬂ a1
a9 ~
. 7 - o 5 5 5
an=0<=——n &—B>512:251
- = = 1



: 0 =%zt
- TN = mm@%
_ w\A\N\A\H\W
0 = "Lk )
b ohg — 10%0g + Gy = WLELIL
— , — oL8LIL
- TL8LTL 0 = ZLSLTL
eIl — Ty = TLSLIL . \T\«
i /
| 8LIL — >
m@% m\m\
I Ndm\hﬂ\b\ \
0 = “O%
r&
&
"
oo + by — eLikg = ¢
n
0 HW@ N
st
99 M
N\M\N = NN\W H@ <o N@N _ m@m\m\
eIl = 1Lel, C

/

@Ow%\ﬂ\h

L
— 8kg = BLILSK
Sk — 8Lz

- — @O@m\w\m\
0 = ghst 0 ="
ek ix\\ﬁ [£9) . N@W\M\
IL8L
179 2o N@N _ ﬂmym@
g
@
To

0 = "koto

R

= LI
otog LTotx
Hdm@\ﬁv Y

8 <o

0 = LMoo

Toco
tog = ooty
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So, the kernel of ¢ contains the elements

Q200178 Y20y — 203 Y82 Qered)
g — 8ap Y21 — Y172 Y8V102 Vi = 3Ny + 4y —
Qo01Y2 — 2000 V5 — 272 Y8Y1Y2 Y120
Q201171 Y278 V8 17802
aaf — 20 1Y — 278 + 73 N
872 V17872
V872 M8V — 271 + 712
Tam V17278
VR NV = 2N
T — 27 MY — 67172 — 271 + 87y
178
a1
Q172 — 20
arap — 45,
Bt —2p
pron — 20y .

Let I" be the ideal in RU” generated by those elements. So, I"” C kern(¢™). Therefore,
¢" induces a surjective R-algebra morphism from RY"” /1" to A’é) :

Note that RU"” /1" is R-linearly generated by

N/l/ e {61 _|_]’/l/7 al + [/l/7 /81 + I///’e4 _|_]’/l/’ &2 + I/l/7 &2&1 + ]'l/l’,y1 + [/1/7
,72 + ]///7 ,}/1,)/2 _|_ I//l’ ,YS + 11/17 7178 + ]///7 /78/71 _|_ ]/l/7 ,yg + ]///} ,

since, using the trees above, a product of a double underlined element with £ further
factors may be written, modulo I"”, as an R-linear combination of products of underlined
clements with < k — 1 further factors. Moreover, note that |N"| = 13 = rkg(A{;)).

Since we have a surjective R-algebra morphism from RY” /1" to A’(’é), this rank argument
shows this morphism to be bijective. In particular, I = kern(¢").

We may reduce the list of generators above to obtain I =

Y20y — 20z, Y82, Y102, Y271 — N17V2,
V2 =372 + 4y2 — v, 3 — 27, 13, Y2Y8,
s} — 2ap, YN — 278 + V5, Ve — 27%, V8725
MY — 27+ N2 a1, a1y2 — 2a1, M2 — 6m7v2 — 2a00q + 879,
a17s, pro — 20, Qo — 40, B% —2p

as
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oy = ag(aivs)
oy — 8ay = ap(anag —451) + 4(aef — 2as)
a1y — 20000 = ag(ayys — 2aq)

amaryr = ag(aiv)

Yenoe = Ye(7102)

YNy = —w(en —nre)+ (sre)n
Wi = wOF 3172 + 4y — aan) + 37 — dsye + (sa2)
% = (1)
e = (s — 278 +18)1 — (s — 27+ 1v2) + N

73042 = 5(1802)
MYse = V(s
My = Ml
N = 772
MY =2 = nly
Nyeee = 7(rar — 2as) + 27107 .

So, we obtain the

Proposition 130. Recall that I' = (v} — 21y), I" = (V3 — 2uvs) and that 1" =

Y20y — 20, Y82, Y102, Y271 — V12
VP = 37172 + 472 — asan, 3 — 27, TY3, Y2Y8,
s — 20, Vs — 298 73, 8 — 292, V82,
MYV — 271 + 172, 171, a17y2 — 2001, 17271 — 67172 — 20001 + 899,
a17s, pro — 20, Qo — 40, 512 — 20

Using Theorem 126, we obtain the isomorphisms of R-algebras

Z<2)(S4,S4) Jf) Ap) = R [V1C63:| /I'x R [uz CeQ] JI" X R | A Cel/z\ie@w /1"
8
é3 +— (e3+1',0,0)
n = (n+1,00)
& +— (0,e+1",0)
vy +— (0,15 +1",0)
& (0,0,e; +I")
e, — (0,0,e4+1")
a; — (0,0, 4+ 1") for j € {1,2}
B o (0,0,8, +1I")
Vi (0,0,9;+1") for j € {1,2,8} .
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Corollary 131. As Fy-algebras, we have

7
57 - /a1 I
B4 (S4,S4)) =2 A/2A = F, [ I'xFy | v2 I"xF, | 61 2 T
FQ( 4, 4)) / 2 [ 683}/ X 2[ Ceg}/ XEo Cel\abe@W /
8

where I' = (v3) | 1" = (v2) and

Y2Qi2, V82, Y1Q2, Y271 — Y172,
Y — 172 — asay, 3, T3, Y28
I = azf, wn+ R R 872, :
Y1Y8V1 + V172, o171 o172, Y1Y271;
178, Bra, Q1 Qig, 512

cf. Proposition 130.

3.3.4 Localisation at 3: B%(3)(S4,S4)

Write R := Z(3).

3.3.4.1 Congruences describing the image of B%(S) (S4,S4)

Recall A from Theorem 126. Write Z(3) := RX R X RXRXRXR¥”?*XRXRX RX RX R.

Corollary 132. We have

(a'7(32)7fagah7 (lzjl)amvnvrapaq) e:‘(3) a =3 f
P =3 7

Aoy =
© ho= 1
J =3 0

More symbolically written, we may describe A(s) as follows. The letters to the right are
the key to this picture.



€)
e
R (3)
R R
Ri@liR
R R R R
R R
R R

i
k l
a f
m n r
b c
d e

Remark 133. We have the orthogonal decomposition

1/\(3)

into primitive idempotent elements of A

e =

=e€; +e + €3+ 64+ € + €+ ey + e+ €+ e

, where

),1,0,0,(50),0,0,0,0,0)
),0,0,0, (50),0,0,0,0,0)
?).0,0,0,(69),0,0,0,0,0)
),0,1,0,(50),0,0,0,0,0)
),0,0,1,(57),0,0,0,0,0)
),0,0,0, (50),0,0,0,1,0)
),0,0,0,(50),1,0,0,0,0)
),0,0,0,(50),0,1,0,0,0)
),0,0,0,(50),0,0,1,0,0)
0),0,0,0,(50),0,0,0,0,1).

Proof. We have &,A(3€, = R for s € {2,3,4,7,8,9,10}.

As R-algebras, we have

elA 3)
s\ (3)

eﬁA 3)

€1

€5

€g

11

1%

{(a,f):a,f €ER, a=3 [}
ch,leR, h=31}

:i,pGR, Zggp}

{(h,1
{G,p

)
)
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Note that for s € {1,5,6} the ring &,A3)¢; is local.
So, €, is primitive for s € [1, 10]. O

3.3.4.2 A3 as path algebra modulo relations

Recall that R = Zy. We aim to write Ay, cf. Corollary 128, as path algebra modulo
relations.

We have the R-linear basis

& = (1,(00),1,0,0,(89),0,0,0,0,0)
& = (0,(50),0,0,0,(88).0,0,0,0,0)
& = (0,(59),0,0,0,(88),0,0,0,0,0)
& = (0,(00),0,1,0,(89),0,0,0,0,0)
& = (0,(50),0,0,1,(89).,0,0,0,0,0)
& = (0,(09),0,0,0,(89),0,0,0,1,0)
& = (0,(99),0,0,0,(9%),1,0,0,0,0)
& = (0,(09),0,0,0,(39),0,1,0,0,0)
& = (0,(09),0,0,0,(80).0,0,1,0,0)
&0 = (0,(39),0,0,0,(39),0,0,0,0,1)
a = (0,(586),0,0,0,(56),0,0,0,0,0)
a; = (0,(%9),0,0,0,(56),0,0,0,0,0)
as = (0,(p9),0,0,0,(75),0,0,0,0,0)
B = (0,(39),3,0,0,(39),0,0,0,0,0)
By = (0,(88).0,0,0,(59),0,0,0,3,0)
By = (0,(88).0,0,3,(59),0,0,0,0,0)
B = (0,(88),0,0,0,(33),0,0,0,0,0)

of A(3)
Note that Bg = 3é6 — 645(3 and that Bg = 365 — 56364.
Hence, as an algebra A3 is generated by €1, €, €3, €4, €5, &, €7, €3, €9, €10, 01, g, (3, Bl, 34.

We identify é;,A;56, = R for s € {4,7,8,9,10}. We write A 2% R for the respective
projection morphism.

We identify (& + &)A@)(&2 + &) = R>*2. We write A —» R*? for the projection
morphism.

Note that €, é; + €3, &4, € := €5 + &, €7, €, €9 and €1 are central.

U= [BlCel] .

We have a surjective R-algebra morphism ¢’ : RU' — & A(3) by sending

Ad & Ag). Consider the quiver
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pr = Bl-

We establish the following multiplication tree, where we underline the elements that are
not in a Q-linear relation with previous elements. We double underline the last element
in the tree that gets underlined.

So, the kernel of ¢’ contains the element 3% — 33;. Let I’ be the ideal in R¥’ generated
by this element. Therefore, ¢ induces a surjective R-algebra morphism from R¥'/I’ to
élA(g) .

Note that RY’/I" is R-linearly generated by
Nl = {e1 +I,751 + ]/} .

Note that |N'| = 2 = rkg(é1A)).

Since we have a surjective R-algebra morphism from RV’/I" to €Ay, this rank argument
shows this morphism to be bijective. In particular, I’ = kern(¢’).

Ad e\ 3. Consider the quiver

as
RN
\IJ” = €5 ~— (S73]
Ba

We have a surjective R-algebra morphism

@' RV — el

e — € for i € {57 6}
3 > (3
Ba = ba.

We establish the following multiplication trees, where we underline the elements that are
not in a Q-linear relation with previous elements. We double underline the last elements
in the tree that get underlined.

€ G BTG 334 e a3 B4t = 303
€6 —— B4 Pats ——— Bucizfy = 354
Ba - E Ba

The kernel of ¢” contains the elements

azBaas — 3o, Baosfs — 3P4 .
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Let I” be the ideal in RU” generated by those elements. So, I C kern(¢”). Therefore, ¢”
induces a surjective R-algebra morphism from RW”/I" to e/

Note that RU”/I” is R-linearly generated by
N = {es+1" e +1", as + 1", s + 1", a3fs + 1", Byas + 1"}

since, using the trees above, a product of a double underlined element with £ further
factors may be written, modulo I”, as an R-linear combination of products of underlined
elements with < k — 1 further factors. Moreover, note that |N| =6 = rkg(eA)).

Since we have a surjective R-algebra morphism from RU”/I" to €A, this rank argument
shows this morphism to be bijective. In particular, I” = kern(y”).

So, we obtain the

Proposition 134. Recall that I' = (87 —3B1) and that I" := (a3Bs03— 33, BaczBy—304).
Using Theorem 126, we obtain the isomorphism of R-algebras

R €5 €
R [51 (" €1

~

MER

(B% - 351) (043@1043 — 3ag, BaazfBy — 354)

& e1+1',0,(90) . 0,0,0,0,0)
o= (Bi+1,0,(38),0,0,0,0,0)
&5 0,e5+1",(59),0,0,0,0,0)
& 0,e6+1”, (90),0,0,0,0,0)
as 0,a5+1”,(90),0,0,0,0,0)
By Ba+1",(89) ,0,0,0,0,0)

(
(
(
(
(
(0
(0,0,75(82),0,0,0,0,0)
(0,0,7(25),0,0,0,0,0)
(
(
0,
(0
0,
0,
0,

1131311111111 111

0 0 O Wg(eg)
070707077r10(610)) .

& 0,0,73(&),0,0,0,0,0)
s 007@(”2)00000)
&4 0,(50) »m(84),0,0,0,0
é'7 ) ( 8 ,0,7'('7(67) 0 0 0
~ 0
€g 0

0

0

0

0

) )
) )
),0,0,75(8s), 0, 0)
) 0)
)

D
a
o

I

0 0 (
Corollary 135. As Fs-algebras, we have

F; [61 Cel ] « Ba
(5%) (04354613, 5404354)

cf. Proposition 1534.

N }x o XR>*2xRxRXxRxRXR

XF%XQXF3XF3XF3XF3XF3,



Chapter 4

The double Burnside ring Bz(S3, S3)

Let R be a commutative ring. We often write Bg := Bg(S3, S3).

4.1 Z-linear basis of Byz(Ss,S;3)

A Z-linear basis of Bz(S3, S3) consists of elements of the form [(S3 x S3)/U], where U runs
through representatives for the conjugacy classes of subgroups of S3 x S3, c¢f. Lemma 28.

The following calculations were done using the computer algebra system Magma [6].

The group Sz has the subgroups

Vo = {id}, Vs = ((2,3)),
Vio= <(172)>7 Vi = <(1’273)>7
Vo = ((1,3)), Vs = S3.

The set {Vy, Vi, Vi, V5} is a system of representatives for the conjugacy classes of sub-
groups of S3. In S3, we write a := (1,2), b:=(1,2,3) and 1 :=id. So, V; = (a), V4 = (b)
and Vs = (a, b).

A system of representatives for the conjugacy classes of subgroups of S3 x S3 is given by

Uo,o = Vo x W {1, D},
Uio = VixW ((a, 1)),
Uo, = WoxW ((1,a)),
A1) = {(a,a)),
U4,0 = VaxVp <(b7 1)>a
Uoa = VoxV, ((1,0)),
A(Vy) = ((b,0)),
Uiy = VixW ((a,1),(1,a)),
Uso = Vsx W ((a,;1), (b, 1)),
Uoys = Vo x Vs ((1,a), (1,0)),
Us ((a,a),(1,0)),

129
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Uy = VixW ((6,1),(1,a)),

Ui VixV, ((a,1),(1,0)),

Uz = ((a,a),(b,1)),

A(V5) = ((a,a),(b,b)),

U4,4 = VuixV, = <(b71)7(17b)>7

Uis VixVs = ((a,1),(1,a),(1,0)),

Uy = VexVi = ((a,1),(b1),(1,a)),

Uss = VuxVs = ((b1),(1,a),(1,0)),

Usa = Vsx Vi = ((a,1),(b1),(1,0)),

Us = ((a,a), (b,1),(1,0)),

Uss = Vax Vs = ((a 1), (La),(5,1), (1))

Let

H;; = [(S3xS3)/U;l for i,5 € {0,1,4,5},
H, = [(S3x8S3)/Uy] for s € [6,8] and
HA = [(S3xS3)/A(U;)] forte {1,4,5}.

So, we obtain the Z-linear basis

A A
<H0,07 H1,07 HO,IJ Hl 9 H4,07 H0,47 H4 ) H1,17 H5,07 H0,57 H67
A
Hyq,Hy g, Hy, HS  Hy g, Hi 5, Hs 1, Hy 5, Hs 4, Hg, Hs 5)

of Bz(S3,S3), cf. Lemma 28.

H =

We have the following multiplication table for the basis elements, cf. Lemma 42 and
Appendix C.



sep|seg|vey| Y9 | Ve s'epy viepr eS| veg viepr vegr s'epy s'epr |o'egy veg viepr | veg | oSy vsg veg o'syy o'spr |s'Sy
s'spr| s | Ve | ST | Ve s'spr vy | 8 | g visyr vvgr 8Ly Sy |osy vsrr vy | VvEr | 0 Lrr vvgr o'y oYy | 8y
m“mm w.mm imm m,mmm d.mm m,mm w,mmm w,mb. chmm whmb. H“mb.m imm mrmmm c,mb. Hhmm imb.m wrmmm c,mb.m o,mm H,mmm o»mm o»mmm w“mm
Sy |SYE|YYE| ST | 1YY v vy | SV | VY vy vvgr v Sy |0 vvrr vy | Vvpr | 0 vrrr vvrr vy 0%y | SV
sep|seg| VeS| Y9 | Tey gez viepr | TS| veg v'errz vepr |Veg + ¢S | S| 0ey 18 =4 o'Spy |VSre| 0S| 0'SH + TS| Tege 0SHT ose| TSy
Siglsig|vig| Sy | Vig S vig ||ty Vg Uiy S1py S1py |0y Vg vig | vig | o'l vig Vg 0'Tgy o'tpy |S'1y
ERgsdiagsdhad sdbngsidng s vy vIIe iwm o{m ﬁwm TYIrT vy €vIe o{m Swm iwmm vIrre o{mm 0y TvIre 0y 0V |V
ss| 8 | VS| SVH | TVey STpy v dmm Ly v vvgy g s'opy |0'sgy Vg ddﬂ viogr | o'vgy qﬁm vog 0Ty o'ogy qmm
sspr| s |\ VSH| SYH | VS| ST 4+ S| YV | i | Al | VY A YSE| VYE | VY 8 |STYEre |0 S | VY 4 VS| 0y (VY| OVEr | OV + Lpp | VVEre |0VE 4 O'SEy |0V e | LE
ST (vig |V S| Ty STpy Vg |V |0y v 1Y =rd Vg STgz|oty i Yigz| Vg 0T HE 0'Tgy TIige 0Ty 0Tz |V
Sy |SYE|YYE| ST | 1Y v vy | 1Y | VY [ =re Uvpr | Vv + SV | Svge| 0T Uvrre 0%y |vY¥ge| 0V |0V 4+ 1Y | 1Y ge 0YfrE 0vgre | Vg
mrﬁm 1 }m mdm :.E m;m whcb. o7 dﬁm w;b. 1:@ 1 mrom c;b. :m icm wdm cdm dﬁm Hhcb. o;m cdm 1
sop|sog | vog| S0p |TOg s'ogy vogr |<ogr |10 vory oy sopy s'ogy |00y vog vogr | v'og | 0'0gy vog vog 0'0gy 0'0py |s'0gp
sep|veg | VeS| Tey g'epre verrz |0y | oSy v'epre rvege verre s'eprg|0'SEy vegre osz |Vl 0 eyT o'spre T'errg o'sgye 0'spyg|0ey
Sig|stig | Vgl STy (Vg 1z vVig |Vl |ty Vg Vig [Vig 4 g |Sige|0 Ty vigg 0lgy |Vigre| 0Ty |0y + Ui | Vige 01T 0lpe| Ty
Sy |\YYE | YV SV Y sogy L= re 4&@ 0¥y vogy vvEre viogy sogrz |0 vogy ddﬂm Yoz |97 g o‘ogy vofrz o‘ogy 0‘ogrg 4&@
s'ogy (Vo | vopr | SO0z | Yoy s'ogy voprz | Vo |00y viogy rogg vogy soggg|oog vog vorrz|vogz|00mg o'ogy roge 0'0gy 0'0pyz | ¥ogy
Y |\YYE | YYE ST Y Srvrre YV | OVEr |0V Yrrre Uvrre vyre Y9 |0y Uvrre Yz | VYE9 |0V T 0Fvpre UvErg 0vre 0%grg| 0 Er
STyl 9 |V UEr| SO | VT | S0 4 STTpp | VOgT dﬁb. %m VOpr 4+ VUpp| VOpr | VOpr 4 977 |€Op7e |0 Ty | TOF7 + TIpr| O°0fr |¥Ofre| O'0OfF o,om._.dﬁm Torre |0°0f7 4 0'Tfy |0°0fe dﬁm
sop|sog | vog| Sop |TOogy Sorrg vogr |Togr |0y v'orrg Vogy | Vo + ¢0p |S0re |00y vogg 0°0fy |V'0gre| 0°0fy |0°0fy + T'0Ofy | Ogye 007 0'0pre| 10
m;m v,Hm }m m;mm :m m;mm wrﬂmm o;bq oqm }mm Smm jmm m;mw o;m :.Em o;mm }m@ o;mm o;mm 3.@@ o;b.m o;mw o;m
s'ogy (Vo | vopr|Sogg| Tog gogre V'oprz |00y |00y v'ogre rogg v'ogre s‘ogrg|oogy voge 0'0fz V09| 00T 0'0gre ogrg o'ogre 0'0grg |00
syl 8 | VS| ST | Ve ElY wd@ dmm Lry wqm Sum E)a g m,om ohmm :m 4&@ vdm 0y 4@)\ ﬂhom 0°Tyr 0°0zy C



132
Remark 136. As a ring, Bz(S3,S3) is generated by HY, HY, Hy, and Hg.

Proof. We have

Hoo = Hp-HP Hiy = Hyy-Hy = Hy,-Hp-Hg
Hyy = Hy,-H H; = Hs-H}

Hyy = Hp-Hyp, Hs = 1,

Hyy = Hg-Hyy = Hg-Hp- Hf Hy4y = Hg-H{

Hos = Hop-Hs = Hp-H{ - Hs Hy5 = Hp;- Hg

Hso = Hy-Hyy = Hg-Hy,-Hp Hsy = Hg-Hi,

Hys = Hoy-Hs = Hp- Hyy-Hyg Hys = Hyy-Hy5s = Hg-Hp-Hy,;-Hg
Hs = H{ - Hg Hsy, = Hsy-Hyy = Hg-Hy;-Hg- Hf
Hyy = Hs-Hoy = Hs-Hj-Hy, Hss = Hsy;-Hsy = Hg-Hpp-Hs.

4.2 Bq(Ss3,S3)/ Jac(Bq(Ss, Ss))

Recall that Bq(Ss,S3) = Q ®z Bz(S3,53). In particular, Bq(Ss,S3) is a Q-algebra of
dimension 22 with Q-linear basis

A A
(Hoo,  Hio, Hox, H{, Hio, Hosa, Hf, Hin, Hsog, Hos,  H,
A
H4,17 H1,4a H77 H5 ) H4,47 Hl,57 H5,17 H4,57 H5,4a H87 H5,5)

Let Jac(Bq(Ss,S3)) denote the Jacobson radical of Bq(Ss, Ss3).
We have that

Bq := Bq(Ss3,S3)/ Jac(Bq(Ss,S3))

is semisimple. For z € Bq(S3,S3) we denote by 7 := x + Jac(Bq(Ss, S3)).
Magma 6], using JacobsonRadical, gives a Q-linear basis of Jac(Bg(Ss, S3)).

(—3Hoo + sHio+ 3Hoy + $Hao + $Hoa — Hiy — 3Hyy — sHiy — $Hag + Hs s,

%Ho,o — HlA - %H474 + Hsg,

%HOA —Hy4— %H4,4 + Hs 4,

%H4,0 — Hyy — %H4,4 + Hys,

%HO,I —Hyp — %H4,1 + Hs 1,

%Hl,[) —Hyy— %H1,4 + H, 5,

%Ho,o — HlA - %H4,0 + Ho,

%Ho,o — Hf — %HOA + He,

THoo — Hoy — 3 Hou + Hojs,

%Ho,o —Hyo— %Hzx,o + Hsp) .



133

In addition, Magma provides, using CentralIdempotents, the following orthogonal de-

composition of lg, = H into primitive central idempotents of Eq. We have

1§Q =1+ &+ 53 + 54, where

&1 = %FO,O — Hyio— Ho1 — iﬁw - iﬁo,z; +2H, 1 + %ﬁm
gy = —Hoo+ Hio+ Ho1+ ﬁlA —2H,,

€3 = —zllﬁo,o + }Lﬁzx,o + iﬁoA + %ﬁf — %Fu

g, = lHyy—Hy —YH, +Hs .

As
1= dlmQ (gQEQ) = dlmQ (§3EQ) = dlmQ (§4EQ)

and therefore §2EQ = Q, EgEQ = Q, €4EQ = Q, the idempotents 2, €3, 4 are primitive.

Further, dimg(2,Bq) = 9. The idempotent Hs lies in 2;Bq as

|

H5,0 €1 = 5,0H0,0 - F5,0ﬁ1,0 - FE),OFOJ - iﬁaoﬁzgo - iﬁs,oﬁm + QFE),OFIJ + %ﬁaoﬁu
+6Hs50—3Hs50—6Hs1 —%-2Hs0—1-6Hs4+2-3Hs1+ 3 -2H5,

0 -

EN [V N[OV

]

Write

and f =7, — €.

We have
where dimq(eBqeé) = 1 and dimg(f Bof) = 4.

Magma now offers a basis of fEQ? which contains an idempotent element. Therefore,

we obtain the idempotents g, h € f Bqf

g = %Ho,o —2H, 4 — %ﬁm — Hyo+2H, 1+ Hy,

h = f-g= —%Hoo + %Fo 1+ iﬁ4,o — }lﬁoA + §F4,4 —Hy, .
Thus,
£1Bq = €Bqe @ eBqy @ eBqh @ §Bqe @ §Bqy @ gBqh ® hBqe @ hBqg @ hBqh,
where dimq(gBqg) = dimq(hBqh) = 1.

Hence, we have the following orthogonal decomposition of ng into primitive idempotents
of EQ .

lg, =€+g+h+8+8+&
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4.3 Bq(SsSs)

4.3.1 Peirce decomposition

Using the computer algebra system Magma we obtain an orthogonal decomposition of 1g,,
into primitive idempotents of Bq by lifting the idempotents of EQ obtained in section 4.2.

e = —%H0,0+H1,0+%H4,0
g sHoo — 2Hy o — §Hoy — Hao + 2H1 1 + Hy,y
h = —55Hoo+ %HOJ + 1Hypo — %Ho,z; + %H4,4 — Hyp
€2 = —Hoo + Hio+ Hop + HP — 2H, 4
g3 = —*Hoo+ 3Hio+ $Hoa + 3HY — 3Hyy
e = oo — HA — LHA 1+ HA

Further,
Peirce component | e Bqge ‘ eBqyg ‘ eBqh ‘ gBqe ‘ gBqy ‘ gBqh ‘ hBqe ‘ hBqgg ‘ hBqh ‘
dimg r 1 1 11 1 ||
Peirce component | eBqes | eBges | eBqges ‘ gBqe2 ‘ gBqes ‘ gBqes ‘ hBq €2 ‘ hBqes ‘ hBqges
dimq 0 0 1| o [ o | 1 0 o | 1 |
Peirce component | e9Bge | e2Bqg |c2Bqh | e2Bqea | c2Bqes | e2Bqes
dimq 0 0 0 1 0 1
Peirce component | e3Bge | e3Bqg |e3Bqh | e3Bqea | e3Bqes | e3Bqes
dimq 0 0 0 0 1 0
Peirce component | e4Bge | e4Bqg |caBqh | e4Bqea | c4Bqes | eaBqes
dimq 1 1 1 1 0 3
In particular, e, g, h, e9, €3 are primitive idempotents, confirming the assertion above.

Pictorially,

[ eBqe eBqg eBqh 0 0 eBqeés | (11100 1]

B B Bgh 0 0 B 111001

ZBQG ZBQQ ZBQh 0 0 ZBQ€4 has Peirce 111001

e €
Bq = Q Qg Q Q= components
0 0 0 g2 Bqe2 0 g2 Bqes i ) 000101
of dimensions

0 0 0 0 es3Bqes 0 000010

| e4BqeesBqgesBqhesBqes 0 e4Bqes | 11110 3]

In a next step, we fix Q-linear bases of the Peirce components of Bq = Bq(Ss, S3).
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Peirce component | Q-linear basis
eBqe e .= —%Ho,o + Hyp+ %Hzx,o
eBqyg bey = —2Hoo— Hig— 2Ho1 — 3Hyo+ Hig + 3Has
eBqh ben = —%Ho,o + iHl,O + %Ho,l + %H4,0 - §H0,4 — Hip — %H4,1 + %Hm + §H4,4
gBqge by e = —§H0,0 +2H10+ Hyp
9Bqy g:=3Hog—2H10— §Ho1 — Hapo +2H11 + Hys
gBqh by == —3Hoo + $Hio+ 5Hoy + $Hao — Hoa — 2H1 1 — Hyy + 3Hya+ 3Hyy
I Bge bhe = —LHoo + Hip
hBqy bhg = 5Hop — 5Hoy — Hyp+ Hyy
hBqh h:=—%Hoo+ 5Hoy + 1Hyo — 1Hoa+ 3Hyy — Hyy
eBqes bee, = —gHoo + +Hio+ $Hox + §Hio + §Hou — $Hiy — $Hos — $Haa
— tHiy— §Hya + 5Hi5 + tHys
gBqeéy bgey == —%Ho,o + %HLO + §H0,1 + %H4,0 + %HOA —Hy1— §H0,5 — %H4,1
- %Hm - iH4,4 + Hys+ %H475
hBqes bhey = —15Hoo + §Hox + $Hao + 15Hou — §Hos — 3Hay — tHaa + 5Has
£2Bq & g9 :=—Hoo+ Hio+ Hyy + H —2H,
g2 Bq ey beyes = —3Hoo+ 3H1o+ 3Ho1 + 2HY + $Hoa — Hiy — $Hos — sHe — 3Hia
+ Hy 5
e3Bqes e3:=—3Hoo+ $Huo+ 1Hou + LHY — 3Hyy
e4Bqe beye = %Ho,o - %HLO - %H4,0 + %Hao
e4Bqy beyg = —2Hoo+ 5H10+ ¢Hoy + ¢Huyo — 5H11 — 5Hs0 — $Hyy + 5Hs
e4Bqh beyn = ﬁHo,o - %HLO - %Ho,l - in + %HOA + %Hm + %Hao
+ %H4,1 - %H1,4 - %H4,4 - %H5,1 + }lH574
g4 Bq e beyes = —2Hoo + 3Hio+ 3Hoy + SH{ + $Hayo — Hiy — 3Hso — 2 Hy,
- %H7 + Hs,
e4Bges (€4:= §Hoo — H® — §H + HE,
Loy = aiHoo — 55H1o — 15Hoy — 31Hao — 57Hoa + $H11 + 55 Hs0 + 15 Hos
+ 5Hig + 5 Hia+ 5 Hys — %Hw - %Hs,l — 5His — 5 Hs 4+ éH5,5 )
= Hon— 3y gy + S — L Hog— oy + 30, 4 g
+3Hos — +He+ 3Hyy + 3Hy gy — 1Hy + YHyy — 3Hy 5 — 3Hs
—3Hy5— 3Hs 4+ 1Hs + 3Hs5)
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Then we have the following multiplication table for the basis elements of Bq = Bq(Ss, S3).

() | e |be,g|ben|bge| g |bgn|bhelbhg| N |becy|bges|bhes| €2 bey ey €3bey,ePes,gbes nfDesca| €4 L, cubL, <,
e | € [beglben| 0100000 [becs] 0] 0] 0 0 ofolo[o[o]o o]0
beg| 01 0| 0| € |beglben| 010 0] 0 [bess| 0] 0 0 ofojofolo]o]o]o
ben | 0] 0] 010 0] 0] € |beglbon 0 beos| O 0 ofojololo]o]o]o
boe [bye| 9 |bon| 0] 00| 0] 00 |bye, 0] 0 0 ofojofolo]o]o]o
9 | 000 [bye| g [bgr| 0100 0 |byey] 0] 0 0 ofolojolo|o]o]o0
bon | 0001000 [bge] g |ogn| O boes| O 0 ofolojolo]o]o]o
b [brelbrg| B | 0] 0] 00|00 |bre 0] 0] 0 0 ofojololo]o]o]o
brg| 01 0] 0 |buelbng 2 10| 0] 0] 0 |bac 0] 0 0 ofolo[o[o]o 0]o0
h |0 0] 0[0]0/[0 [bhclbng £ | 0| 0 |bhe| O 0 ofojoflolo]o]o]o
bee,] 0010|001 0]0]0]|0 0 0 0 0 0 0foj01|O0 0 |bee,| O 0
byet] 0] 0JO|OJO]O]O]lO|O[O0]O0 0O 0 00000 [byey 0] 0
bhe, 0] 0]0]0O]0OLO0]O0O]O0]O0 0 0 0 0 0 00|00 0 |bpe,| O 0
e OO0 O0O]O0O]JO0O]O0O]O0]O0 0 0 0 | e bey ey 00|00 0 0 0 0
boed 000 0O]0O]0]0]0]lO[O0]O0]0]o0 0 00000 by 00
es | 010101 O0O]O]JO0O]O0O]O0]O0 0 0 0 0 0 ezl 0 | 0 | O 0 0 0 0
bere|pescbesgbesn 0] 0 | 0000 B, /0|00 0 ojolojolo]olo]o
borg| 0| O | O Jbeycbesgbernl 010 0] 0 Bl 0] 0 0 ofolo[o[o]o 0]o0
bean] 0] 0] 00 0[0 Poydbesgbern] 0] 0 P, 0 0 ojolololo]olo]o
beve 01000 [0][0[0][0[0] 0] 0] 0 |boyefp...—125,, _J0]O]0]0O] 0] 0]0]0
]o0lojlojojololololololo]o0]o 0 0oz clbes glbes nlbesca] 4 WL, oL,
W, 0lo]olojo]ofolo[o[o]0olo0]0 ofo[o0|o0] 0P, o]0
v Jololololo]olo]lolo]o]o0]o0]o0 0 ofofo oo oo

We see that €3 is even central, but €5 and ¢4 are not.

Lemma 137. Write Q[n,&]/(n*, né, &%) = Q[n, €], where € = & + (n*,n&, €2) and
7:=n+ 0 n,&).

The map
p: Q& — eiBqes
? =W,
£ = b,

18 a Q-algebra isomorphism.

. , yoo .
Proof. Since e4Bq ey = qfea, U, ., 07, ,) is commutative and

(b;4,84)2 = O
(,e)? = 0
W,eble, = 0,

€4,€4 TE€4,€4

the map p is a well-defined Q-algebra morphism.

As the Q-linear basis (4,0, .,, b, .,) of €4 Bq ¢4 lies in the image of y1, the map is surjec-

tive. Because of dimgq(e4 Bq e4) = 3 = dimq(Q[7, £]) it is bijective. O
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Remark 138. The ring Q[7,£] is local.

In particular, €4 1s a primitive idempotent of Bq, confirming the assertion above.

Proof. For u := a + by + € € Q€ with a # 0 the inverse is given by
wl=a"1— a2 — a2t as
w 't =aat + (—a b Fa D)+ (—a e +ale)E=1 .

Therefore, U(Q[7, &) = Q[m, €]\ (@, ). Thus, the nonunits of Q[7, £] form an ideal and

so Q[7,&] is a local ring. O
Lemma 139. Write ¢; := e+ g+ h. We have an isomorphism of Q-algebras
v e1Bqe1 — Q33
exe exg exh sipe S12beg  S130en 511 S12 S13
gre gxrg grh| = |s21bge  S229  S23bgn| S21 S22 S23
hxe hxg hxh 531bne  S32bng  S33h 531 S32 S33

for x € Bq and s;; € Q, fori,j € [1,3].

Proof. The Q-linear map v is bijective.

1 00
We have v(e;) =0 1 0
0 01
We have
riie  Ti2beg  T1,3ben Tr1e  Ti2beg  7T13ben
v [reabge 1229 T23bgn| c |T21bge  T229  Ta3bgn
|73,10ne  T32bng  T33h 73,10ne T32bng  T33h

(riafig +riefen +riafsa)e  (riafie +r2f22 +11,3732)be,g (71,1713 + 71,2723 + 71,373,3)be
v | (reifi1 +roofe1 +123731)bge (121712 + 722722 +723732)9  (re,171,3 + roofes + r2373.3)bg 1

(rsafi1 +132efon +1r33731)bhe (131712 + 732722 +133732)bn g  (r3171,3 + 732723 + 13 373,3)h

11711 12T + 113731 T11T12 + 712722 F 11,3732 T1,171,3 +T1,2723 + 11,3733
791711 +T22T21 + T2 3731 721712 + 22722 +7T23732 T2171,3 + 122723+ r2 3733

73,1T1,1 +T32721 + 733731 73,17T1,2 + 732722 + 1733732 7T3171,3 + 732723+ 1733733

Tl T2 T1,3 i1 Ti2 T13
re1 Te2 T2z || T21 T2 To3
r31 T32 733 r31 T332 733
riie  T12beg  7T1,3ben T11e  T12beg 71,3ben
v [r2abge  T229  T23bgn v | |T21bge  T229  T23bgn
r3,1bpe T32bng  T33h 73,1bne  T32bng  T33h

for r; ;,7:; € Q, for 4,5 € [1, 3]. [l
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4.3.2 Peirce composition

We aim to construct a Q-algebra A := € A, ; such that A = Bq = Bq(Ss, S3) as a Peirce
0]
composite in the sense of Appendix A.

Set €1 := e+ g+ h. Recall that 1g, = &1 + &3 + €3 + &4, cf. Section 4.3.1.

In a first step to construct such a Peirce-composed Q-algebra with A = Bq we choose
Q-vector spaces A; ; and Q-linear isomorphisms v; ; : A;; = ¢; Bqe; for 4,7 € [1,4].

A1,1 Al,z A1,3 A1,4 Q3X3 0 0 Q3X1
A= A2,1 A2,2 A2,3 A2,4 — 0 Q 0 Q

A3,1 A3,2 A3,3 A3,4 O O Q O

A Ao Agy Aug Q™ Q 0 Q[

We let v, := 0 for (s,t) € {(1,2),(1,3),(2,1),(2,3),(3,1),(3,2),(3,4),(4,3)}. Let

12

-1
Y1 =V : A

, 61BQ€1
11 Ti2 T13 Tr11€ Tl,zbe,g 7"1,3be,h

21 T22 T23 — TZ,lbg,e 2,29 T273bg7h ,Where Tij S Q for Z,j S [1, 3], cf. Lemma 139.

31 T332 733 7“3,1bh,e 7“3,2bh,g 7’3,3]1
V1,4 A1,4 — e1Bqeés
U ulbe,54
U — U2b9’54
us3 u3bp.e,
V2,2 : A272 — &9 BQ E9
U = UE2
V2,4 : A2’4 — &9 BQ &y
U = Ubgy .,
73,3 : A373 — £3 BQ €3
U > UE3
V4,1 : A4’1 — &4 BQ &1
(Ul V2 U3> = |:Ulb€4,e U2b€4,g U3b€4,h]
V4,2 : A472 — &4 BQ E9
U = Ubey ey
Yaai=p o Aga — e€1Bqes
a+bng+c§ — asg+00, _ +cbl, ., , where a,b,c € Q, cf. Lemma 137.
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Let B : Bq x Bq — Bq be the multiplication map on Bg. Write

eiBqek .
<1 Bg <, xe; Bg eh :e;Bqej xejBqer — €iBqer -

@,j,k =p

We now construct o ;5 such that the quadrangle

Qi gk
Aij X Ajk A
Yi,j X'Yj,ki %‘,kl
Bi,j.k
€;Bqej X €jBqer eiBqek

commutes for 4, j, k € [1,4].

We let ;i := 0if (2,7), (j, k) or (¢, k) is contained in

{(1,2),(1,3),(2,1),(2,3),(3,1),(3,2),(3,4),(4,3)} .
Ad 05171’1.
Using Lemma 139 we get

o111 = ’Yf% ofrig0 (M1 X)) Aigx A — A
(X,Y) = XY.
Ad 11,4
We have

51’174 tE1 BQ &1 Xé&r BQ €4 — &1 BQ Eq

riie  Trigbeg T13ben Urbe e, (r1,1u1 + 712U + 71 3U3)be
r21bge  T229  T23bgn| s |U2bge, = | (requr + To0us +To3us)by e, |
r31bne T320ng T33M Uzbp e, (13,11 + 32U + 733U3)bp g,

where 7; ;,u, € Q for 4,5,k € [1,3].

Hence,

Q11,4 = ’Yf,i ofr1a0 (M1 X y1a)  Aig X Ay — Ay
(X,u) — Xu.

Ad Q1471

As 141 :e1Bqes x e4Bger — €1 Bq ey is zero, it follows that oy 41 must be zero.
Ad Q14.4.

We have

ﬁ174,4 SN BQ Eq4 X &y BQ g4 — &1 BQ Eq
ulbe,€4 ulabe,s4
( Ung,€4 , Q€4 + bb, + Cblgl4,54) = u2abg,{-:4 )

€4,€4

U3bh754 U3abh,a4
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where uq, us, us, a,b,c € Q. Therefore

N | .
Q1,44 = Y14 ° 51,4,4 © (71,4 X 74,4) : A1,4 X A4,4 — A1,4

Uy U1a
(lug | ,a+bg+cE) — | usa
us U3
Ad 04272’2.
We have

ﬂ27272 1&g BQ E9 X &9 BQ Eoy — &9 BQ Eg

(ueqg,veq) +— uvey

where u,v € Q. Therefore

29 = 72_21 © 52,2,2 © (72,2 X ’72,2) : A2,2 X A2,2 — A2,2
(u,v) — wv.

Ad Q29 4.
We have

527274 1&g BQ E9 X &9 BQ E4 — &9 BQ E4

(U52;Ubsz,s4) = uvbe, e,

where u,v € Q. Therefore

Q994 i= ’Yz_,i 0 2240 (Va2 X You) 1 Ao X Asy — Aoy
(w,v) — wuv.

Ad ag49.

As Bo42:€2Bqes X e4Bgea = €2 B g2 is zero, it follows that as 490 must be zero.
Ad ag44.

We have

B274,4 1 E9 BQ Eq X &y BQ Eq4 — E9 BQ Eq
(ubeye,, aeq + OV, _, + b

€4,84 €4,€4

) — wuab,., ,

where u, a,b,c € Q. Therefore

Q244 1= 7£i 032440 (V24 X Yaa) : Aga X Agy — Apy
(u,a +bn+c€) + wua .
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Ad Oé37373.
We have

537373 1 E3 BQ g3 X €3 BQ £3 — €3 BQ €3
(uesg,vesz) +— uves

where u,v € Q. Therefore

Q333 1= 7:;31, 03330 (733 X Y33) 1 Azz x Az — Asz
(u,v) — wv.

Ad 04471’1.
We have

5471,1 1&g BQ &1 X é&r BQ g1 — &4 BQ €1
ri11€ 7"1,25@,9 7“1,3be,h
([U1b€4,67 Vabe, g, U3b54,h] s | T21bge  T229  Tosbgn|)
T3,1bh,e 7“3,2bh,g 7“3,3h

[(Uﬂ“m + varaq + Usr31)beye  (ViT12 + Varoo + 037“3,2)(754,9 (viT13 + vora3 + U3T3,3)b54,h] )
where 7; j, v, € Q for 4, j, k € [1,3]. Therefore

0y 11 = 7;11 % 54,1,1 © (’74,1 X 71,1) : A4,1 X A1,1 — A4,1
(v, X) — vX.

Ad Q414
We have

,34’174 L&Y BQ &1 Xé&r BQ €4 — &4 BQ Eq
Ulbe,a4
!
( Ulb54,eyv2654,g>v3bs4,h ) u2bg,54 ) — (Ulul +U2U2 +U3u3)bg4,g4 )

u3bh,€4
where vy, vg, U3, U1, Us, u3 € Q. Therefore

Oy1.4 i= ’Y;i O fy140 (Va1 X Y1)t Agg X A1g — Agy
Uy
((vl, Ug,Ug) Jus ) = (viug 4 vaug + v3u3)7 .
Uus
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Ad ay29. We have

6472’2 P &g BQ E9 X &9 BQ Eo — &4 BQ E9
(ubsy ey, vE2) +— uVb., .,

where u,v € Q. Therefore

Q99 = 74_,21 0 f1220 (Va2 X Y22) Aga X Asg — Ayo
(u,v) — wv.

Ad ay94. We have

547274 P Eq BQ Eg X &9 BQ E4 — &4 BQ €4
(Ub€4752’ Ub€2754) = uv(b/a‘/4 €4 12b;4 64) )

where u,v € Q. Therefore

Q94 i= 74_,4} 0 P40 (Va2 X Y24): Aso X Aoy — Agy
(u,v) — wuv(€—127) .

Ad ay41. We have

547471 P&y BQ Eq X E4 BQ €1 — &4 BQ &1

’ 1
<a54 + bb64 €4 + Cb €4,647 Ulb&l e U2b64 \9 U3b€4 h]) = [avlb&he av?b&hg Cw3b€4ah] ’

where a, b, ¢, v, v9,v3 € Q. Therefore

—1 .
Ya,1 © 54,4,1 © (’74,4 X ’74,1) : A4,4 X A4,1 — A4,1

Qg41 =
(a+ b7 + c&, <v1 Vg vz)) = (avl avy avg) :

Ad ay 4. We have
ﬁ442 : €4BQ€4 X €4BQ€2 — €4BQ€2

<a54 + bba4 €4 + Cbg4 €4 b€4,€2) = avbm,éz )

where a, b, c,v € Q. Therefore

Qg4 = ’Y4_,21 0 fya20 (Vaa X Ya2)t Aga X Agg — Ago
(a4 b+ c&,v) = av .

Ad ay44. Using Lemma 137, we get

Q44 = ’Yzf,i O fya40 (Vaa X Yaa) Aga X Agg — Auy
(a4 b+ c€ a+bg+e) —  aa+ (ab+ ba)iq+ (aé + ca)é
= (a+ b+ c) - (a+ b+ ),
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where a,b,¢,a,b,¢ € Q.
We now obtain the

Proposition 140. Peirce composition yields a Q-algebra structure on A = @ A;;
ijell,4]

with respect to the multiplication maps o j, for i, j, k € [1,4], ¢f. Lemma 156.

We obtain a Q-algebra isomorphism

A= @ Ai,j %> BQ(SBaS3)

i,j€[1,4]

(@ij)ijenar = > Yiglaig) -

ij€[1,4]
Pictorially,
_eBQe eBqg eBqh 0 0 6BQ€4_ ([QQQ00Q ]
gBqe gBqg gBqh 0 0 gBqes QQQ00Q
Bq— hBqe hBqg hBqh 0 0 hBqes % QQQ00Q _ 4
0 0 0 g9 Bq €2 0 e2Bqes 000Q0Q
0 0 0 0 ez3Bqes 0 0000QO
| c4BqeeiBqgeisBqhesBqeas 0 e4Bqges ] QQQQ 0 Q[ {]
[ exe exg exh 0 0 exey |
grg grg grh 0 0 gxey
B hxh hxg hxh 0 0 hxey
v 0 O 0 e9xeg 0 e9xey
O 0 0 0 e3xe3 O
| eaxrecqxgesxhesres 0 eqaey |
I
[ s11e S19beg S13ben 0 0 tibe., ] 511512513001t ]
S21bg.e 5229 Sa3bgn 0 0 taby., 59182252300ty
5310n.¢ 3209 S33h 0 0 t3bp., | 981532933 0013
0 0 0  wuex 0 wbe,, 0 0 0wulvw ’
0 0 0 0 wes0 0 0 0 OwoO
| T1beye Tabe, g T3beyn Ybey ey 0 21+ 2000, o, + 2300, | | | 21 22 23y 02+ 2N+ zgg_

where s; ;,t;,u,v,w,z;,y,2; € Q fori,j €[1,3].

4.3.3 Bq(Ss3,53) as path algebra modulo relations

We aim to write Bq(Ss, S3), up to Morita equivalence, as path algebra modulo relations.

We have Bq e <+ Bq g as Bq-modules, using multiplication with b, , from the right from
Bqe to Bq g and multiplication with by . from the right from Bq g to Bqe. Note that
begbge = € and by b. , = g. Similarly Bq e <> Bq h as Bq-modules.
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Therefore, Bq(Ss, S3) is Morita equivalent to Bb = (e+ex+e3+¢e4)Bqlet+ea+es+ey).
Then B'Q has the Q-linear basis (€, becy, €2, bey ey €3, Deyer beyens €45 UL, o5 beses). Note that
dimg(BY) = 10.

€4,€4

100000
000000
Note that y(e + ey +e3+¢4) = | 0 0 02 0 %0 Write A, := A, for i,j € [2,4]
ote at y(e 9 £3 &4 000 100]|" rite ij ij 10T 1,7 , &l
000010
000001
Q 00 Q
Identify A}, == Q = 0 00 | € Ay Identify A}, == Q = 0 C A,
0 00 0

Identify A}, = Q = ( Q 0 0 ) C Asy. Identify Ay, := 0 for j € [2,3]. Identify
A%y =0 for j € [2,3].

J

B/
We have the isomorphism v/ := | ,*

eBqe 0 0 eBq ey Q O 0 Q
B/Q _ 0 €2 Bq €2 0 g2 Bq ey ol 0 Q 0 Q — A
0 0 ez3Bqes 0 v |0 0 Q 0
e1BqeesBqer 0 e4Bqes Q Q 0 Q[ E]

The inverse images under ' of our Q-linear basis elements of B’Q are written as follows.

1 0 0 0 0 0 0 0
.o |0 0 0 0 o s 0 1 0 0 o
0 0 0 0 0 0 0 0 ’
0 0 0 0] 0 0 0 0]
[0 0 0 0] [0 0 0 0]
£z < O 0 0 O —=:das3 4 < O 0 0 O =044
0 0 1 0 ’ 0 0 0 0 ’
0 0 0 0] 0 0 0 1]
[0 0 0 1] [0 0 0 0]
bee, < 0 0 0 0 =14 beye < 0 0 0 0 =ia4;1
’ 0 0 0 0 ’ ’ 0 0 0 0 ’
0 0 0 0] 1 0 0 0]
[0 0 0 0] [0 0 0 0]
bepyey < 0 0 0 ! =ia4 beyep < 0 0 0 0 =42
’ 0 0 0 0 ’ ’ 0 0 0 0 ’
0 0 0 0] 0 1 0 0]
[0 0 0 0] [0 0 0 0]
A I R TR PRIl I
’ 0 0 0 0 ’ ’ 0 0 0 0 ’
0 0 0 7 0 0 0 €&
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We have the following multiplication table for our basis elements of A’.

~
N

() 1,1|01,4(a2,2 a2 .4 a3,3a4,1a4,2a4,4aﬁ;,4a474
a1,101,1/01,4 0010|0010
a4 0010 0 0]0[01lai4 010
a2/ 0| 0 lag a4 0{0[0|0[0]O0
az4 0|0 0|00 jags 0|0
as3 010 |0 0 az3 01 0[0[0]0
a4,1a471aﬁl’4 0 0 0[{0[0|0O[|0]O
asol 0|0 a42aﬁl’74712ag74 0j]0j0|0]|0]O0
asa 010 |0 0 0 lag,1{aq 2|04 4/@] 407 4
aﬁ;,4 0(0]0 0 0(0]0 aﬁm 010
GZ,4 0[01]0 0 0[01]0 aﬁl’A 010

We have a}y , = a4 - a14 and aj , = a42 - a24 + 12a4; - a14 . Hence, as a Q-algebra A’ is
generated by a1,1,022,033,044,01,4, 041,024,042 -

Consider the quiver

ag ™
B B TN LN
V= as,3 a2 Q4.4 a1
N— e

9 P

We have a surjective Q-algebra morphism ¢ : QU — A’ by sending

a > ar
Az +r Q22
ass > ass
(g4 > gy
s 7R |
T = Q14
¥ ay.2
g = Qo4 -

We establish the following multiplication trees, where we underline the elements that are
not in a Q-linear relation with previous elements. We double underline the last elements
in the tree that get underlined.

a1 i a4 o a1 4047 =0
a4,2\L
a1 4042 =0
22 oW (2.4 e ag 4042 = 0

a4,1\L

ag 4047 =0
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Q4 4
aq 2 aia
a4,1 /_;\
" / _ /! _
(afy —12d) )ass =0 asp (4,1 (4,014 —g 7> Uy 404,10 = 0
az.4
aq,1 a4,2l/
/ _
4,202 4 ay 4042 =0

a4,2¢

(a4 — 12a}4)as2 =0

The multiplication tree of the idempotent a3 3 consists only of the element ag 3.
So, the kernel of ¢ contains the elements:

™ , od , prp , Vop,
™ , op , pmd , Vov.

Let I be the ideal in Q¥ generated by those elements. So, I C kern(y). Therefore, ¢
induces a surjective Q-algebra morphism from QW/I to A’
We may reduce the list of generators to obtain I = (wp, od, 70, op).
Note that QW¥/I is Q-linearly generated by
N ={ass+ L aso+ L ass+ a1+ Lo+, m+ 1,9+ 1, p+ 1,90+ 1, pr+ 1},

since, using the trees above, a product of a double underlined element with further factors
is zero. Moreover, note that |[N| = 10 = dimg(A’).

Since we have a surjective Q-algebra morphism from QW /I to A’ this dimension argument
shows this morphism to be bijective. In particular, I = kern(¢p).

So, we obtain the

Proposition 141. Recall that I = (mp,c¥,70,0p). We have the isomorphism of Q-
algebras

g ™
Bqg—A — Q] asg3 a2, (4,4 aiy | /1
~N— ~_ 7

9 P

ay; (Nll,l +1

azo > g+ 1

ass d3,3 + 1

a44 564,4 + 1

ag1 = p + 1

a4 +— T + 1

Qg2 > v+ 1

Qz4 — O+ 1.

In particular, Q¥ /I is Morita equivalent to Bq(Ss, Ss).
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4.4 The image of Bz(S3, S3)

4.4.1 Congruences describing the image of Bz(Ss, S3)

Recall that

A= @ A, > Bq,

i,j€[1,4]

where the Peirce composite A is formed with respect to the multiplication maps «; ;5 for
i,7,k € [1,4], cf. Proposition 140. Define the subring

Az1n Azio  Azas  Azaa 733 0 0 Z73*1

Ay = Azo1  Azsos  Azss  Azos _ 0 Z 0 Z C A
Azs1  Azgze  Azszs  Azga 0 0 Z 0
Azayr Azap  Azuz  Azaa Zz>*s 7 0 Z¢

In fact, Az is a subring of A, as «;;x(Az;; X Az ;i) C Az, for i,j,k € [1,4], cf.
Section 4.3.2.

We have
Bq A
j\ %\JA
By “ Ay

Recall that as a ring By is generated by H®, Hf, H,; and Hyg, cf. Remark 136.

We have, using the definitions of the Q-linear basis elements in Section 4.3.1,

1
H{ =3e — by, — 0he + 9= bng + e
Hp =2e—by+bpe+ 2y, + 2h + 223

1 1
Hl,l = 3e + 36679 — g — bg,e - §bh,e - §bh,g
4 4 1 2 2 1
Hg =e+ §b6,g + gb@h + gg - gbg,h + gh - gbh,g + 3b5476 + 6b5479 + &2

— 2bey ey + 2bg e, — 20, — 2be, o, — 36U, . 4 40

€4,€4 €4,€4
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and therefore

0 Q

Q

Q

0 Q 0 Q

0
0

Q Q Q0

Q Q Q0

Q Q Q0

0

0

€]

<

Q Q Q Q 0 Q

[ p
<t
02220+
[ Iy
Ne)
[ap)
_
1 O O O O O O
o O O o o o
S O O —+H O N
o O O O A o |
Lo e e o I Nm A © O O
S O N O O O _
S O N O O O <l = =l © O O
|
N~ - O O O
_ === =
| I | ]
= &
. 1 T 1
o O O o o O o O O O o O
oS O O o o O o O O O o O
O O O —-H O O o O O O o O
o O O O o O o O O o o O
O - +H O O O N - HN O O O
_ L
M —H HNN O O O [ap] Al O O O

-1

Consider the following elements of U(A).

=
- o o - o o ©
_ +
O O - O O —
=== = o O o o +H O
o O O +H O O
SO O O H o O
o O - O O ©
oo H O o © [
o +H4H O O O O o A O o o o
— O O O O O — O O O O O
1
Il Il
—
e ()
8 8
1
—
o O O O o o e e e 2
—
o O O O —+H O e e e e e
—
o O o H O O e <@ < e <
—
o O H O O O e < e e <
—
S —H I~ O O O e ~/_OOO
— O O O O O —_ o o o o o
1
Il I
o 0
[a\]
= S
o O O O O o 1
oS O O O O
o O O O —H O
o O o O —+H O
o O O H O O
o O O +H o O
SO fF —~ O O O
| N O —H O O O
N o o o o o © © O O O
_ NN O O O O
o v o o o o |
1]
I Il
— —
8 I

A Hy) e

-1
1

The conjugating element x; was constructed such that the image lies in Az. The elements

To, 3 serve the purpose of simplifying the congruences of §(Bz).

Using this we define the ring morphism § : By — A, y > 23" 25"



We obtain

Bz(S3,S3)

Hiy,

J/Oq

77700 Z
77700 Z

77700 Z

0007ZO0Z

0000%Z 0

Z 777 0 Z[§

3 9 2 0 0 2]
0 3 0 00 0
6 2 4 0 0 4
0O 0 0 1 0 0]’
O 0 0 0 0 0
36 -12 —24 0 0 —247
6 —24 —4 0 0 —4]
9 36 6 0 0 6
60 —240 —40 0 0 —40
O 0 0 0 0 0
O 0 0 0 0 0
360 1440 240 0 0 2407]

8§ —23 —4
0 2 0
12 —46 —6
0 0 0
0 0 0
_—72 276 36

o O O o o O

3 -5 -1

0 0 0
0 0 0
—120 252 48

0
0
26 —65 —-12 0
1
0
-2

Proposition 142. The image of § in Az is given by

(

\

S1,1 51,2 S1,3

52,1 52,2 523

53,1 53,2 533

0

0

0

0 0 O

X1

X2

Zs3

O 2 O O O

0
0
0
0
w
0

t
t2
i3
v
0
21 + 29M + 23€ |

€Az 2w — 22 =g 29 =4 23=40
r1=4 0
T9=4 0
T3=4 0
y=2 0
t1=2 0
ta =50
t3 =2 0

UEQO

I1 =3 0
To =3 0

I3 =3 0

SO N O O O O

Z9 =3 0 )

In particular, we have Bz = Bz(S3,S3) = A as rings.
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—4
0
—6
ol
0
367 |
0o -2 |
0 2
0 —14
0 -2
0 0
0 247 + 4¢ |
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More symbolically written we have

Z Z Z 0 0 (2
Z zZ Z 0 0 (2
Z Z Z 0 0 (2
A=
0 0 0o Z 0 (2
—2
A
0 0 0 0 Z 0 2
A

(12)  (12) (12) (2) 0 Z +(12)5 +(4)¢

Herein
t
a—G)——b
u
c

meanst-a+u-c+v-b=,0.

Proof. We identify Z??*! and Az along the Z-linear isomorphism

81,1
52,1
S3,1
51,2
59,2
53,2
51,3
52,3
533 S1,1 S12 S1.3
T S21 S22 S23
T2 53,1 S32 533
T3 0 0 0

Ot oo oo
<

o O oo

Y Ty Xy X3 21 + 297 + 23 i

Let M be the representation matrix of §, with respect to the bases H = (Hoo, Ho 1, Hip,
H1A7 H0,47 H4,07 H4Au H1,17 H0,57 H5,07 H77 H1,47 H4,17 H67 HE)A7 H4,47 H5,17 H1,57 H5,47 H4,57 H87 H5,5)
of Bz and the standard basis of Az, cf. Section 4.1. We obtain



and

24 M1

Let A\ :=

We have

252

O O O OO0 o oo o oo

—96
144
96

72
—96

—144

S O O O o o

511
52,1

53,1

|

0 15 -3 0 20 8 6 0 25 7 9 8 -3
0O -18 0 0 —-24 0 -9 0 =30 —-12 -6 —12 0
0 126 -6 0 168 12 60 0O 210 78 48 80 -6
-2 —-60 9 -3 —-55-23 —-24-1 -8 -—-16 —36 —22 10
3 72 3 2 66 2 36 1 102 33 24 33 1
—20-504 2-16 —462 —46 —240 —7 —714 —208 —192 —220 15
o -0 2 0 —-10 -4 -4 0 -15 -3 -6 -4 2
0o 12 0 O 12 0 6 0 18 6 4 6 0
0 -8 4 0 -8 -6 —40 0 —126 —38 —32 —40 4
0-756 36 0—1008 —72 —360 0 —1260 —468 —288 —480 72
120 3024 —12 96 2772 276 1440 36 4284 1248 1152 1320 —228
0 504—-24 0 504 36 240 0 756 228 192 240 —48
0 0 1 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 -2
0 0 0 O 0o 2 0 0 0 0 0 0 0
o -0 2 0 —-10 -4 -4 0 —-10 -4 -6 -4 2
0o 12 0 O 12 0 6 0 12 6 4 6 0
0 -8 4 0 -84 -6 —40 0 -84 —40 —32 —40 4
0 0 0 0 0 0 0 0 0 -2 0 0 0
0 0 0 O 0 0 0 0 0 0 0 0 0
0 504—-24 0 504 36 240 0 504 240 192 240 —48
0 0 0 O 0 0 0 0 0 0 0 0 0
336 72 96 —336 —72 —672 2352 504 2 —2 14 —24 —12
—552 —120 —144 552 120 1008 —3864 —840 —4 4 —28 24 12
—336 -T2 0 0 0 96 —-336 —-72 -2 0 —2 24 12
0 0 0 0 0 0 0 0 0 0 0 24 12
—192 —48 —-72 192 48 504 —1344 —-336 —2 2 —14 0 12
336 72 0 0 0 —192 672 144 2 0 4 0 O
0 0 0 0 0 0 0 0 0 0 O 0 0
552 120 0 0 0 —144 552 120 4 0 4 —48 —-24
0 24 0 0 —24 0 0 168 4 —4 28 0 —12
0 0 0 0 0 9% —-336 —-72 0 0 -2 0 0
0 0 0 0 0 0 0 0 0 0 O 0 0
192 48 0 0 0 -72 192 48 2 0 2 0 —12
—552 —120 0 0 0 288 —1104 —240 —4 0 -8 0 0
0 0 0 0 0 0 0 0 0 0 O 0 —12
0 0 0 0 0 0 0 0 0 0 O 0 0
—192 —48 0 0 0 144 -384 —-96 -2 0 —4 0 0
0 0 0 0 0 —144 552 120 0 0 4 0 0
0 —24 0 0 0 0 0 —-24-4 0 -4 0 24
0 0 0 0 0 -72 192 48 0 O 2 0 0
0 24 0 0 0 0 0 48 4 0 8 0 0
0 0 0 0 0 0 0 0 0 0 O 0 0
0 0 0 0 0 0 0 -24 0 0 -4 0 O
512 S1,3 0 O tl
522 8523 0 0 tg
532 533 0 0 t3 c AZ ‘
0 0 u 0 v
0 0 0 w 0
xo w3 Yy 0 21+ 200+ 238

O O OO OO H OF,FOOOFOOOHFHOOO

Do O O O

1

[\

o O O O o o oo

-1

[ed]

o O O O o o

—176

—384

12
-8
64
—33
22

—6
4
—-32

1056
192
0

]

192

—48

96

36
48

—144
0
—96
0
—72
—72
0

0
—36
144
0

72

0

0

0
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10 3 15
-15 -3 -10
100 21 80
—34 —12 =51

51 12 34

—340 —84 —272

-6 -2 -9

9 2 6
—60 —14 —48
—600 —108 —480
2040 432 1632
360 72 288
0 0 0

0 0 0

0 0 0
-4 -2 -6
6 2 4
—40 —14 -32
0 0 0

0 0 0
240 72 192
0 0 0

168 36 —12
—-276 —60 12
—336 —-72 12

0 0 12

-96 —24 0

—168 —36 12

0 0 0
552 120 —24
0 12 0
336 72 —12
0 0 —12
192 48 0
276 60 —12
0 0 0

0 0 0

96 24 0
—552 —120 24
0 —24 0
—192 —48 0
0 -12 0

0 0 0

0 24 0

4 3
-4 -4
28 26
-11 =5
11 11
—77 —65
-2 -1

2 2

—14 —-12
—144 —120
396 252
72 48

0 1

0 -2

0 0
-2 =2

2 2

—14 —-14

0 -2

0 0
72 24

0 4
—42 1

120 -2
—48 -2
—24 0

66 —1
—54 —1
-12 0

72 4
—-168 2

72 2

0 O
24 2
96 2

0 O

24 0

42 1
—120 —4

24 —4
—48 -2
—48 -2

0 O
24 4

36
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AN€E AN & Fge Z?*! such that A\ = Mg
& dg € Z%2*! such that M~1 -\ =¢q
& 24M N € 247221

0000000002000 00 O O O O 00O i;
0000000000200 00 0 0 0 0 000 []| s3
0000000000020 00 0 0 0 0 000 5
0000000000000120 0 0 0 0 000 || 27
0000000000000 06 0O 0 0 01810 gg
& | 0000000000000 0012 0 0 0 000 u | e 2471
0000000000000 00 012 0 0 000 o
0000000000000 00 0 012 0 000 %
0000000000000 OO O O 012 00O tg
0000000000000 00 0O 0 0 0 020 z
0000000000000 00 0O 0 0 0 006 o
00000000020000000000 00 (
00000000002000000000 00 || ss1
00000000000200000000 00 :
00000000000004000000 00 [| %2
00000000000000200006 10 i
& 00000000000000040000 00 u | €8Z"M!
00000000000000004000 00 o
00000000000000000400 00 I
00000000000000000040 00 ls
00000000000000000000 20 2
00000000000000000000 02 o
81,1
82,1
53,1
53,3
0000000001000000000000 s
nd 0000000000100000000000 | gea
0000000000010000000000 y
0000000000000000000010 t
3§§
(%
<1
<2




X2

X1

X2

22

\
2’(1)—221 =8 29 =4 23 =4 0

il
no
o oo oo o oo

I
w
o o o o

Remark 143. There is no maximal Z-order in A containing Az .

In particular, Az is not a mazximal Z-order in A.

So Agz is not a canonical choice of a Z-order in A, but it nonetheless enables us to
describe A inside Az via congruences.

Proof. Assume that A7 is a maximal Z-order of Aq such that

Ang%lCAQ:A.
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In particular, the primitive idempotents on the main diagonal of A are contained in Az ,

hence in A7 .

m
Az,1,1
m
Azz,1
m
Az,g,l
m
Z .41

So, A} =

We now consider

Let

(b, by, bs) 1= (uy + 017 + w1, ug + Vo) + Wal, uz + V37 + w3f)

be a Z-linear basis of A';AA , where uq, usg, us, U1, Vg, U3, Wy, Wa, w3 € Q.

U
Let T := U2 Vo

us s

%)

m
Az,1,2
m
Az,z,z
Am

732

m
7,42

m
Az,l,z

m
Az,2,3
Am

Z 3,3

m
Z 43

m 3x3
AZ 1,4 Q
A 0
724
A% < 0
7,34
m 1x3
744 Q

Z[ﬁa ] = AZ,4,4 g A§,4,4 g A4,4 = Q[ﬁa ] .

wq

w3

c Q3X3~
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We claim that uy, us, us € Z. We have for k € Z>; and u,v,w € Q that
(u + v7] + wé)* = uPF + kuF 1o + kuF~we .

Consider the Q-algebra morphism 7 : As4 — Q, u+ v + wé — .

As Az, , is a finitely generated Z-module, so is w(AZ ;). Assume that u € Q\ Z. Then

the submodule z{(u* : k > 1) C w(Ag ,,) € Q is not a finitely generated Z-module. This
is a contradiction and therefore proves the claim.

Since 1 € Az 44 C A‘%‘AA, there exist sq, s9, s3 € Z such that syuq + ssus + ssug = 1. Thus,
ged(sy, $2,83) = 1.

By the elementary divisor theorem there exist matrices M € GL;(Z) = {—1,1} and
N € GL3(Z) such that

M(sl 5 33>N:<1 0 0),

see e.g. [4, III. Theorem 7.8.]. We may assume M = 1.

S1 S2 83
Hence the matrix S := N~ is of the form | x x « | € GL3(Z) .
x Kk ok
1 0
Write ST =: | iy 0o ws | € Q¥*3, where 1y, U3 € Z.
Us U3 Ws
1 00 1 v wy
Let P:= | -y, 1 0| € GL3(Z) and write PST =: [0 0, w, | € Q**.
—ug 0 1 0 03 ws

Then
(b1, b, b3) := (1 + 017 + 1€, DoTj + ok, V37 + 1)

is a Z-linear basis of Ay , .

Choose t € Z>, and set

Ay AZ

Z.1,1 7,12 , ,
m m m m
Am’ o AZ,2,1 AZ,2,2 AZ,2,3 Az,24
z m m m m
Az,3,1 AZ,3,2 AZ,3,3 AZ,3 4

A%A,l A%A,Q A%A,g A%,4,4 + Z<%(ﬁ2ﬁ + @25»

We remark that 7(Ag ,,) = 7(A} , , + z(+(027 + W:8))).
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We claim that A C A is a subring. As A% ,, C A is a subring and as we have from
Section 4.3.2 that

144 A1,4 X A4,4 — A1,4
(751 ua
(|us | ;a+b7+c€) — |ugal ,
us usa

Q44 : A2,4 X A4,4 — A2,4
(w,a+bg+cf) +— ua.

Qg Aga X Agp — Ay
(a+ 0+ c&, (vy vav3)) = (av avy avs) ,

Q42" A4,4 X A4,2 — A4,2
(a+ b7 + c€,v) = av

Og44 A4,4 X A4,4 — A4,4
(a4 b7+ c€ a+bg+¢e) — aa+ (ab+ ba)y+ (ca+ aé)€

it suffices to show that A% 44+z< (Dol +102€)) = z {1+ 017+ €, 1(172ﬁ+ﬁ)2§), U7+ WsE)
is a subring of Q[7,£]. Since A 44 © Ay is a subring, we have B2 e AR 4.4- Moreover,
we obtain

(102)° = (3(027] 4 05€))? = 0
51%52 = (L+ 017+ 01) 7 (021 + W2k) = +(02l] 4+ W)
bibs = (1407 + wl)(57+ws) = 37+ Wsé
(Ybo)by = (0o + o) (57 + W3€) = 0
bsbs = (U3n + Ws€) (037 + wsf) = 0

Hence, A7 ,, + 2(3(0o1 + W2€)) is closed under multiplication.

So, A% is a Z-order containing A%. Therefore, we have

Az CAZ C A Cc A

which contradicts the assumption that A} is a maximal order. O
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4.4.2 Localisation at 2: BZ(2)(83,83)

Write R := Z). Write R[7], €] := R[n, &]/(n?,né, €2).

4.4.2.1 Congruences describing the image of Bz, (S3,S3)

Corollary 144. We have

511812513 0 0 t
891822523 0 0 123
S31832833 0 0 i3
0 0 0 uO v
0 0 0 0w 0

Ay = | 71 12 23y O zl—ierﬁ—l—ng_

cf. Proposition 142.

RRROO R
RRROO R
???;8 g F2W — 221 =8 29 =4 23 =40
0000R b= 0
RRRRO R[E f2=2 0
- t3=9 0
v=9 0
T1=4 0
To=4 0
T3=4 0
y=20

In particular, we have Br = Br(Ss,S3) = Ay as R-algebras.

More symbolically written we have

R R R

R R R

R R R
Ap) =

0 0 0

0 0 0

0 (2

0 (2

0 (2

0@
R/o-'_—?ﬁ\1
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Remark 145. We claim that 1A(2> = €1+ ey +e3+eq+e5 is an orthogonal decomposition
mto primitive idempotents, where

€1

€4

o O O O o

o O O O O O

o O O O o O

o O O O o O

o O O O o O
o O O o o O
o O O O o O
oS O O o o O

S O O O o O
o O = O O O
o O O O o o

o O O O O O

[0 0
0 1
oo
I O
00
00
[0 0
00
oo
R )
00
100

o O O O O O

o O O O O O

o O O O o O

o O O O o O

o O O O o O
o O O o o O

o = O O o O
— o O O O O

o O O O o O

o O O o o O

o O O = O O

o O O O o O

o O O O o O

o O O O o O

Proof. We have e; Apye; = R, ea Agyep = R, esAge3 = R and ey Agyeq = R. So, it
follows that ey, es, €3, €4 are primitive.

As R-algebras, we have

€5 A(g) €5

~

-

{( w, Zl+22ﬁ+Z3E>GRxR[ﬁ,

R x R[7,¢] .

]:2w—221£82254z3540}zzf

To show that e; is primitive, we show that the ring es; A(9) es is local, i.e. we show that I'

is local.

We have the R-linear basis (b1, by, b3, by) of ', where

by

bs

(1, 1), by

(0, 8ﬁ>, by

(0, 2+47),

(0 ).

We claim that the Jacobson radical of T is given by J :=pg (2by, by, b3, bs), that I'/J = Fy
and that I" is local.

In fact, the multiplication table for the basis elements is given by

() | b1 b2 by | b4
by | by by bz | b4
by | by | 2by + b3 | 2b3 | 2b4
bs | bs 2bs 010
by | by 2b, 010




€3

71

T4

T7
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This shows that .J is an ideal. Moreover, J is topologically nilpotent as
J3 — R<8b1,4bg, 2b374b4> Q 2" .

Since I'/J = F, the claim follows by Corollary 160. n

4.4.2.2 Ay as path algebra modulo relations

Recall that R = Z3). We aim to write A, up to Morita equivalence, as path algebra
modulo relations.

The R-algebra Ay = (e;+ex+ez+es+e5)Ao)(er +ex+e3+es+e5) is Morita equiva-
lent to A’(z) = (es+eq+e5)A)(e3 +eq+e5) since Az er = Ag) e = A e3 using multi-
plication with elements of Ay with a single nonzero entry 1 in the upper (3 x 3)-corner.

We have the R-linear basis of A?Q)

000000 000000 000000
000000 000000 000000
oo 1000 000000 000000
~ loooo0o0o0]" o 000100 °° 000000
000000 000000 000010
(00000 0] (00000 0] 000001
[0 0000 0] [0 0000 0] [0 00000
000000 000000 000000
~looooo0o0 00000 2 000000
“looooo0o0]|’ " 000000 000000
000000 000000 000000
004000] 00000 0] 000200
[0 0000 0] 00000 O 00000 O
000000 00000 0 00000 0
~loooo0o0o0 00000 0 00000 0
“looooo 2|’ s 00000 0] ° 00000 0
000000 00000 0 00000 0
(00000 0] 00000 87 00000 4
(00000 0 |

00000 0
~looooo o
~looo0oo00 0

00000 0

(00000 2447
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We have 75 = iy and 74 = 1374 + 67y75. Hence, as an R-algebra A’(Q) is generated by

€3,€4,€5,71, 72,73, T4, T7.

Consider the quiver

T4

é5\37~"7

T3

4

We have a surjective R-algebra morphism ¢ : RV — A’(Q) by sending

é3 = €3 ) 1T = T )
€4 > eq, Ty = Tp,
é5 — €5, 7~'3 — T3,

7~'4 = T4,

7~'7 = T7 .

We establish the following multiplication trees, where we underline the elements that are
not in a R-linear relation with previous elements. We double underline the last elements

in the tree that get underlined.

e > T2 o T =0
3 _
7
ToT3 = 0 ToT7 = 2Ty
€ = T o T =0
T3 _
7
473 =0 TAT7 = 274
T2 =277 + T1To
T1
T7T1 = 2Ty id P~ T7T3 = 273
I
€5
/ \
T1
LE il 7 N

T4

T3T4 —>7'3 T3TyT3y — O

T1

7 T3TaT1 = 0

T3TAT7 = 27’37’4

T1ToT7 = 27’17’2

T1T9T3 = 0

”i\

T1T2T1 = 0
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So, the kernel of ¢ contains the elements:

ToT1 ; TiToT1 ; TaT1 , T3T4T1 ; T7T1 — 274,
ToT3 ; T1T2T3 , TAT3 ; T3T4T3 , T7T3 — 273,
ToTr — 2Ty, TiToTy — 2TiTo , TaTy — 2T4 , T3TaTy — 27374 %72—2%7—7:17:2 .

Let I be the ideal generated by these elements. So I C kern(y). Therefore, ¢ induces a
surjective R-algebra morphism from RV /I to A’(2). We may reduce the list of generators
to obtain

I = (RF, TF1, Ty — 271, Tals, a3, TrT3 — 273, ToTr — 2%, uTy — 274, T2 — 277 — T17a) -
Note that RV /I is R-linearly generated by
NI: {é4+[,é3+[,é5+],7~'1+I,7~'2—|—I,7~'3+I,7~'4+I,7~'7+I,7~'37~'4+I,7~'17~'2—|—]} y

since, using the trees above, a product of a double underlined element with £ further
factors may be written, modulo 7, as an R-linear combination of products of underlined
elements with < k — 1 further factors. Moreover, note that || = 10 = rkg(A(y)).

Since we have a surjective R-algebra morphism from R¥/I to A’(2), this rank argument
shows this morphism to be bijective. In particular, I = kern(y).

So, we obtain the

ToT1 ; ToT3 ,  ToTy — 2Ty,
Proposition 146. Recall that I = TAT1 , TuTs , TyTr — 274,
T — 2T, Tz — 273, Te — 2T — TiTe

We have the isomorphism of Z)-algebras

T2
~ /\ AN
Ay S R|6 & o e | /1
) s & Jm El/

g N

T3

e; — & +1I foriel3,5]
T = T+ 1 forje 1,7\ {5,6} .

Recall that BZ(2)<83, S3) is Morita equivalent to A’(Q).

Corollary 147. As Fy-algebras, we have

T4
2 y/\\ T2T1 , T273 T2T7,
Ny /20y = Fy | & & ) & R, TT A
4T1 4 4
(2)/ (2) ~____— \Vj / NN ) - ~3 ; L 'i? )
71 \/ ™, TiT3 , T7 — T1T2

T3

Recall that B, (S, S3) 1s Morita equivalent to Afy) /2, .



4.4.3 Localisation at 3: BZ(3)(83,83)

Write R := Z). Write R[7, & == R, €]/ (n?, ng, €2).

4.4.3.1 Congruences describing the image of Bz, (S3,S3)

Corollary 148. We have

(

161

51,151,251,3 00 tl RRROO R
521522523 00 t2 RRROO R T1 =3 0
t =
A(3) — 53,1 532533 00 3 c RRROO R : i) 30 - AR,
0 0 0 wo v 0O000RO R 13=30
0 0 0 0w 0 000O0R O 29 =30
(21 22 23 y 0 zi+2m+2§| |RRRRO RRE )
cf. Proposition 142.
In particular, we have Br = Br(Ss,S3) = As) as R-algebras.
More symbolically written we have
R R R 0 0 R
R R R 0 0 R
R R R 0 0 R
A =
0 0 0 R 0 R
0 0 0 0O R 0
3 B R 0 R +(37 +RE

Remark 149. We claim that 1A<3) =e1+ey+e3+eqs+e5+eg is an orthogonal decompo-

sition into primitive idempotents, where

(10000 0] (000000 0] (00000 0]
000000 010000 000000
000000 000000 001000
e = , €2 = , €3 = >
000000 000000 000000
000000 000000 000000
000000 000000 000000
(00000 0] (00000 0] (00000 0]
000000 000000 000000
000000 000000 000000
€4 = , €5 = , €6 =
000100 000000 000000
000000 000010 000000
000000 000000 000001
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Proof. We have e; A;gye; = R for s € [1,5]. Therefore it follows that e, ey, e3,eq, €5 are
primitive.

We claim that the ring eg A3 es = R, €] is local. In particular, e then is a primitive
idempotent.

We have

U(R[7,€]) = R, €]\ (3,77.€) .

In fact, for u := a + b + ¢ with @ € R\ (3) and b,c € R, the inverse is given by

wl=a"1—a2n— a2t as

wut = aa + (a7 + a D)+ (—a e+ aT)E =1

Thus the nonunits of R[7,¢] form an ideal and so R[n,&]/(n? né, &%) is a local ring. This
proves the claim. n

4.4.3.2 Az as path algebra modulo relations

Recall that R = Z3).

We aim to write A3y, up to Morita equivalence, as path algebra modulo relations. The R-
algebra Ay = (e1 + ez +eg+e4 +e5+e6)A3)(er +ex +e3 +e4 +e5 +eg) is Morita equiva-
lent to A’(g) = (eg+e4+e5+e)A3)(e3 + e+ e5+eg) since Agyer = Ay e = Agg)e3 us-
ing multiplication with elements of Ay with a single nonzero entry 1 in the upper (3 x 3)-
corner.

We have the R-linear basis of A’(3)

000O0O0O 000O0O0O 000O0O0O
000O0O0O O 000O0O0O 000O0O0O
001000 000O0O0O 000O0O0OGO
€3 = , €4 = € =
000O0O0O 000100 000O0O0O
000O0O0O 000O0O0OO 000O0T1O0
000O0O0O O 000O0O0O 000O0O0O
000O0O0O 000O0O0OO 000O0O0O
000O0O0O 000O0O0OO 000O0O0O
000O0O0O 000O0O0OO 000O0O0T1
€6 , T T2
000O0O0O O 000O0O0O 000O0O0O
0000O0O 000O0O0O 000O0O0GO
000O0O01 003000 000O0O0O
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000000 000000 00000 O
000000 000000 00000 O
000000 000000 00000 0

T3 = , T4 = y, T =
000000 000001 00000 O
000000 000000 00000 O
(00010 0] (00000 O] (0000 0 37]
[0 0000 0]

000000
000000

T6 =
000000
000000
(00000 ¢]

We have 75 = 7y and 74 = 7374 + 4775 . Hence, as an algebra A’(3) is generated by
€3,€4,€5,€6,71,72,73,7T4 -

Consider the quiver

T2 T4
€3 Ce €
71 73

4

We have a surjective R-algebra morphism ¢ : R¥ — A23) by sending

€3 — €3, T = T1,
€4 — ey , Ty > Ty ,
€ +— ej , T3 +— T3 ,
€ H €5 , Ty > Ta.

We establish the following multiplication trees, where we underline the elements that are
not in an R-linear relation with previous elements. We double underline the last elements
in the tree that get underlined.

R s Tt =10
T1
TAT, = 0
€3 ip) o1 =0
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The multiplication tree of the idempotent es consists only of the element es.

So, the kernel of ¢ contains the elements:

T4T3 , ToT1 , T3T4T3 ,
T4, ToT3 , T3T4T1 ,
T1T2T3 ,
T1ToT

Let I be the ideal generated by those elements. So, I C kern(p). Therefore, ¢ induces a
surjective R-algebra morphism from RV /I to A’(3). We may reduce the list of generators

to obtain [ = (%4%3, %2%1, %4%1, %2%3).

Note that R¥/I is R-linearly generated by

Ni={&+ &+ L&+ 1+, 7+ H+],7+1,7+R7+1,7FH+1},

since, using the trees above, a product of a double underlined element with further factors

is zero. Moreover, note that || =10 = rkr(A(y)).

Since we have an surjective algebra morphism from RV/I to A’(3
shows this morphism to be bijective. In particular, I = kern(p).

So, we obtain the

Proposition 150. Recall that I = (7473, ToT1, TaT1, T273)-

We have the isomorphism of R-algebras

/\/\
\/\/

e; éi—i-Iforze[B,G]
7 — Ti+ 1 foriell,4]

Recall that Bz, (S3,S3) is Morita equivalent to Ay, .

X this rank argument

/1
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Corollary 151. As F3-algebras, we have

T2 T4
//\ /\
€3 €6 €4
¥\/ V
P Py

Recall that By, (S3,S3) is Morita equivalent to Ay /3, .

[(TaTs, ToT1, TaTi, ToT3) .



Appendix A

Peirce composition

Let R be a commutative ring.

Definition 152. Suppose given r € Z>q. A Peirce composition ((Aij)ijenrs (Qijk)ijke1,])
of size r consists of a tuple of R-modules

(Aij)ijern
and a tuple of R-bilinear maps
(qigr + Aig X Ajk = Aik)ijrelr
such that the following conditions hold.

(1) We have
ipi(aigrlaig, asy), ay ;) = qigi(aig, ajrial . agy)) -
for i,j,k,l € [I,r] and a;; € Aij, a}) € Ajp, ay; € Ay
(2) For j € [1,7], there exists e; € A;; fulfilling

k(€ ajr) = ajk

and «a; j;(ai;, ;) = ai;
for i,k € [1,7“], a;j € A@j, a;r € Aj,k~

Remark 153. A Peirce composition as above can be seen as an R-linear preadditive
category X with objects [1, k], morphisms x(i,j) = A;; for ¢, € [1,k] and composition
given by the maps «; ;.

Remark 154. The element e; € A;; in Definition 152(2) is unique.
Proof. Suppose that é; € A;; is another element fulfilling (2). Then

ej = ajjj(ej,€5) =€ .

166
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Notation 155. Suppose given a Peirce composition ((Ai,j)i,je[l,r], (ai,j7k)i7j7ke[1ﬂ) )
Set A:== @ A;,;. Fori,je[l,r] and x € A, ;, consider the element

4,5€[1,r]
o if (k1) = (i,])

0 otherwise

(&) kien ) € A defined by &, := {

By abuse of notation, we often write & := (§)k1ep1,,- In particular, for a = (a; ;)i jep

we may write a = (a;;)ijen = . Giy-
i,J€[1,r]

Lemma 156. Suppose given a Peirce composition ((A; ;)i e, (ijr)ijreps)- Set

A = @ Aly]

i,J€[1,7]
For a = (a;;)ijeny € A and b= (bjx)jrens € A we let

a-b=a-b:= ( Z Oéi7j7k(ai7j,bj,k))i,ke[l,r} cA.

A jelLr]

Let

14 = Z@iEA.

1€[1,r]

So 14 has entry e; at position (i,i) for i € [1,r]|, and it has entry 0 at position (i,j) for
i,j € [1,r] withi#j.

The element 14 € A is neutral with respect to ( - ). Let

R & A

g — 14.
Then

A:(A,‘i‘,',@)

is an R-algebra, called the Peirce composite of ((Am)i,je[l,r], (ai,j,k)m,ke[lﬂ).

We have the orthogonal decomposition
ly=ei+-+e
into idempotents, where e;Ae; = A;; fori,j € [1,r].

Proof. Suppose given 4, j, k,l € [1,7], a;,; € A;; and by € A;;. Then
az,]Abl,kZOIf]%l s

and
iy b = Qijp(aig, bix) if 5 =1
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Note that for s € R and a = (a; ;)i jep € A we get
(s1a) - a = (@i (s aij))ijen = $(Qiig(€s ais))ijen = 5(aig)izens) = sa

a - (s1a) = (qi;;(aig, s€5))ijenn = 8(ai;;(aig, €;))igens = 5(ais)ijenn = sa .
In particular, the element 14 € A is neutral with respect to ( - ).

Moreover, we have for a = (a;;)ijeq1,,, b = (bkg)kiep,) and ¢ = (Cpn)mnep,,) € A that
<a M b) L= ((ai,j)me[l,r} 4 (bk,l)kz,le[l,r]> A (cmn)mnelir

= Z ai,j,k(ai,ja bj,k)) /’1 (Cm,n)m,ne[l,r]
i,k€(1,r]

JE[L,r]

= Z az‘,k,l(ai,j,k(az‘,ja bj,k)a Ck,l)

Jk€e[L,r] ile[1,r]

= Z ai,j,l(ai,j; aj,k,l(bj,k; Clc,l))
j,ke(1,r]

i,le[1,r]
= (CMJ)LJ’G[LT} A (ke[zljﬂ Oéj,k,l(bj,m Ck,l)>. = q A (b A C) .
3le(l,r]

Thus, ( B ) is associative.

Furthermore, we have for a = (a; ;)i jepr, b= (bri)ricpy] and ¢ = (Cmn)mney,] € A that

(a+b)

= (ai,j + bi,j)i,je[l,r] A (Cm,n>m,n€[1,r]

= Z ai,j,n(ai,j + bim ij))
i,ne[l,r]

JE[L,r]

- C
A

= ;5 \Ai 5y Cin ;5 n\Vi5,Cjn
Z J ( J0 =] )+ J (b.] J )

Jeltr] i,n€(l,r]

= | X Oéi,j,n(ai,wcj,n)) + ( > ai,j,n(bi,jacj,n)> = a ctbc
1,n€(l,r] i,n€(l,r]

Jjeltr] je[i,r]

and similarly a - (b+¢)=a-b+a - c.
A A A
The R-linear map
R 5 A
g — 14,
is a ring morphism as for s, € R we have

see above

o5) - 1) = (sLa) - (114) ** 2 sty = o(st)

Because of sl4 € Z(A), for s € R, it follows that A = (A, +,-,¢) is an R-algebra. Note
that ©(s) - & = s -z, the latter using the R-module structure on A given by construction
in Notation 155.
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For i,7 € [1,7] we have

ai,i,i(eia 61‘) = €; for 7 :j
€iACj = .
AT 0 for i#j.

For a = (ap)kiepny = Y. awg € A it follows that
k,le[1,r]

e a6y = g (aiig(en aig),eg) = ijilais,ej) = ai; € Aij .
So, we have the orthogonal decomposition
la=e+-+e,
into idempotents, where e;Ae; = A, ; for i, 5 € [1,7]. O

Remark 157. Note that in general, the ring e; Ae; is not local and the idempotent e; is

not necessarily primitive.

Lemma 158 (Transport of structure). Suppose given a tuple of R-modules (A; ;)i jenr -

Let B = (B, -
¢t B= (B, )

Suppose given an orthogonal decomposition

be an R-algebra and let §: B x B — B be the multiplication map on B.

=1+ +¢,
into idempotents and R-linear isomorphisms
A RN €;Be;
fori,je[l,r]. Write

EiBEk
EiBEj XEjBEk

ﬁi,j,k =0

:€;Bej X €;Be, — €;Bey,

and set
ik =Yg © Bigk © (Yig X Vik)
fori, j, ke [l,r].
Then
((Aig)ijen s (Qgr)igren)
is a Peirce composition, where e; := fyifil(sl-) forie[1,r].

Moreover,

i,5€(1,7] i,5€[1,7]

’}/ZA: @ Ai,j :> @ 5iB€j:B
—

(aij)ijenn (Vi (@ij))ijeq

1s an isomorphism of R-algebras.
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Proof. We have to show that the conditions in Definition 152 hold.
Ad (1). As v, is in particular injective, it suffices to show that

!
'Yi,l(@i,k,l(ai,j,k(ai,jaaj,k;)7akz,l)) = %,Z(Oéi,j,l(az‘,j,aj,k,l(aj,k,ak,l))) .

for i,j,k,l € [1,7], a;j € Aij, ajr € Ajx and ay; € Ay In fact,

%,l(ai,k,l(ai,j,k(ai,j7aj,k)aak,l)) = %,k(ai,j,k(ai,jaaj,k)) é'Yk,l(ak,l)
= (glaiy)  vinlagn)) ; walans)
= iilaig) . (viwlain) ; Walari))

Yig(@i5) - V5058 ar))
= Yialaigi(aig, ajri(anr, arg))) -
Ad (2). We have

aj ke ain) = (V2 0B5k0(055 X Vi) (€5, ajx) = Yig (€5 Jik(agn)) = Vi Viklajr)) = ajk

@i(aig €5) = (Vij ©Bijgo (g X i) @iy €5) = i (vig(aiz) ; £5) = i (ig(aiz)) = ai;
for 4,5,k € [1,r].
We show that v: A — B is an R-algebra isomorphism. By construction, v is a bijective

R-linear map. We obtain for a = (a; ;)i jens € A and @ = (@) jkepn € A

va) -~@) = (X aig) -v( X djk)

B

1,J€[1,7] J,k€[1,r]
= (2 mgaiy) (2 k)
i,J€[1,7] J,k€1,r]
= Z Bijk © (%‘,j X %‘,k)(ai,y‘a dj,k)
i,j,k€[1,r]
= > Yiko© ’Yfkl o Bijk © (Vig X Viw) (@i, k)
ijkelLyr]
= Yo Yk 0 @ik, Qi)
irjke[L,r]
= (0 X aigrlaig, )
ijkelLyr]
= Y(( X0 aij-@in)iken.s)
JE[L,r]
= ~(a B a .
Moreover, y(1a) =7( X5 &)= X yaile) = 2 vi(vii (&) = > e =1p. u

i€[1,r] i€[1,r] i€[l,r] i€[1,r]



Appendix B

Jacobson radical

Let R be a discrete valuation ring with maximal ideal 7. Let A be an R-order. Let Jac(A)
be the Jacobson radical of A, i.e. Jac(A) = N Ann, T.

T is a simple right A-module

The ring A is called local, if its set of non-units A\ U(A) is an ideal in A. This is equivalent
to A/ Jac(A) being a skewfield, cf. [5, Remark 192].

An ideal N C A is called a topologically nilpotent ideal of A, if there exists m € Z~, such
that N™ C wA.

Note that Jac(A) is the terminal topologically nilpotent ideal of A, cf. [5, Lemma 213|.

Proposition 159. Let N C A be a topologically nilpotent ideal of A. Let Sy,..., Sy be
simple right A-modules such that
ﬂ Anny S; C N .
i€[1,K]

Then N = Jac(A).

Proof. As Jac(A) is the terminal topologically nilpotent ideal of A, it follows that N C
Jac(A). We have that Jac(A) = N Anny T. Thus,

T is a simple right A-module
Jac(A) C ﬂ Anny S; C€ N C Jac(A) .
1€[1,k]
So Jac(A) = N. O

Corollary 160. Let N C A be a topologically nilpotent ideal of A such that A/N is a
skew field. Then
N = Jac(A)

and A is local.
Proof. We claim that A/N is a simple right A-module. Let x + N € (A/N)*. As A/N is

a skew field, we have 1y + N € (x + N)x. So (x + N), = A/N for every x + N € A/N.
Thus, A/N is a simple A-module.

For x € Annp(A/N)={A € A:pA+ N =0+ N, for u € A} we in particular have
In 24+ N=x+N=04+N<szxeN.
So Annp(A/N) € N and N = Jac(A) follows with Proposition 159. O
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Appendix C

Multiplication in Bz(Ss3,S3) via Magma

First, we define S3 x Sz, together with the tuple of inclusion morphisms p and the tuple
of projection morphisms q. Here p[1] is the inclusion of the first factor, p[2] is the
inclusion of the second factor, q[1] is the projection on the first factor and q[2] is the
projection on the second factor.

S:=SymmetricGroup(3);
D,p,q:=DirectProduct(S,S);

Then we list representatives for the conjugacy classes of subgroups of Sg x S3.
SL := [X‘subgroup : X in Subgroups(D)];

In a next step, we implement the star relation from Lemma 41. For subgroups M, L of
S3 x S3 the list A equals the subset M * L of S3 x Sz, the group N equals M * L as group.
Afterwards, we determine the number of the representative in SL that is conjugate to N
in Sg X Sg .

Relation:=function(M,L)
A:=[1;
for x in D do
K:=[k : k in S| p[1]1(q[1](x))*p[2] (k) in M and p[1] (k) *p[2] (q[2](x)) in L];
if #K ge 1 then
A:=Include(A,x);
end if;
end for;
N:=PermutationGroup<6| A>;
for i in [1..#SL] do
if IsConjugate(D,N,SL[i]) eq true then
io0:=i;
end if;
end for;
return io;
end function;
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Now, we implement the Mackey formula from Lemma 42. First we let Magma choose
a system of double coset representatives H of q[2] (M)\S/q[1] (L). For each h € H we
conjugate the subgroup L with (h,1) and use Relation(M,L) to obtain the number of
the representative that is conjugate to M x "D L. We list those numbers in E. Then E_red
is the list of distinct elements in E. In E_coeff we list the elements of E_red, preceded
by the respective multiplicity in E.

Multiplication:=function(M,L)
E:=[];
R:=[];
H:=[h: h in DoubleCosetRepresentatives(S,q[2] (M), q[1]1(L))];
for h in H do
a:=p[1] (h);
L:=sub<D| [a*1*a~-1: 1 in L]>;
E:=Append(E, Relation(M,L));
end for;
E_red := SetToSequence(SequenceToSet(E));
E_coeff := [<#[1 : s in E | s eq e]l,e> : e in E_red];
return E_coeff;
end function;

As a result, to calculate the product of [(S3x S3)/M and [(S3x S3)/L], we may let
P:=Multiplication(M,L) and obtain

(S5 % S3)/M] - [(S5 % S3)/L] = ) x[1] [(Ss x S3)/SLIx[2]]] -

3
x€P
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Zusammenfassung

Seien GG, H und P endliche Gruppen.

Eine (H,G)-Bimenge M besteht aus einer endlichen Menge M und aus einer H-
Linksoperation sowie einer GG-Rechtsoperation, die miteinander vertauschen, d.h.

(h-m)-g="h-(m-g)

firhe H ge Gund m € M.

Sei M eine (H,G)-Bimenge und N eine (G, P)-Bimenge. Das kartesische Produkt M x N
wird eine (H, P)-Bimenge durch h(m,n)p = (hm,np) fir h € H, (m,n) € M x N und
p € P. Es ist auch eine Links-G-Menge durch g(m,n) = (mg~',gn) fir ¢ € G und
(m,n) € M x N. Wir nennen die Menge der G-Bahnen auf M x N das Tensorprodukt
M x N von M und N. Dies ist eine (H, P)-Bimenge.

Nun definieren wir den doppelten Burnsidering Bz(G,G); dies ist die freie abelsche
Gruppe, die von den Isomorphieklassen der endlichen (H,G)-Bimengen erzeugt wird,
modulo der Relation

[M] + [N] = [M UN]

fiir endliche (G, G)-Bimengen M, N. Die Multiplikation wird definiert durch

[M] o [N] = [M x N] fir (G, G)-Bimengen M, N.
G

In Bz (G, G) ist idp,(a,¢) = [G] das neutrale Element der Multiplikation.

Der Ring Bz(G, G) hat die Z-lineare Basis ([(G x G)/U] : U € Lgxa), wobei Laxg ein
Vertretersystem der Konjugationsklassen von Untergruppen von G' X G ist.

Wir folgen Boltje und Danz, die einen Wedderburnisomorphismus fiir einen Teilring
Bg(G,G) C Bq(G,G) =Q 2 Bz (G, G) konstruiert haben. Dieser schrinkt auf BS (G, G)
zu einem injektiven Ringmorphismus ein

o8¢ BZ(G,G) — [ Endzowmr (ZInj(T,G))

TeT

| Fixa ) ton—tr ()]
X = (W= X e
N enj(T,G) | G( ( )‘ TeT

Im Fall von BZ(Ss,S3) bzw. B (S4,Ss) geben wir eine explizite Beschreibung einer iso-
morphen Kopie des Bildes dieser Einschrankung 09%3 85 Dzw. O'é s, in einem Produkt von
Matrizenringen iiber Z an. Die Beschreibung erfolgt durch Kongruenzen von Tupelein-
trigen. Wir beschreiben BZ(S4,S4) fiir B € {Z),Fs,Z3), F3} als Pfadalgebren iiber
R.

Im Gegensatz zu Bé(G, G) ist Bq(G, G) nicht halbeinfach und daher nicht isomorph zu
einem direkten Produkt von Matrizenringen iiber Q.

Wir arbeiten direkt mit der Definition von Bq(Ss,Ss;) und erhalten Beschreibungen fiir
Br(Ss3,Ss) fiir R € {Q, Z),F2,Z3), F3} als Pfadalgebren iiber R.
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